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PREFACE 



The object of this treatise is to provide a manual on what 
has been generally known as the " Elements of Mechanics/' 
but is here, in accordance with the more precise phrase- 
ology of recent works, termed " Dynamics." 

As the work is intended for beginners, special pains have 
been taken to establish the necessary propositions by proofs 
involving no higher mathematics than the geometry of the 
first two books of Euclid, and algebra as far as simple 
equations. At the same time, the nomenclature, defini- 
tions, and general treatment are in harmony with advanced 
modem works on the subject. 

Examples and examination questions have been intro- 
duced into the text, in order to furnish all who make use 
of the book with the means of testing, as they proceed, 
whether each portion of the subject has been duly 
mastered. A selection of examination papers from those 
set in various XJniversities has been added. Most of the 
general examples which follow each chapter are also taken 
from University Examinations. Answers are given in each 
case, and all points likely to present difficulty to beginners 
are explained. 
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Additions have been made to the examples and the 
examination papers, and a short Appendix has been added 
for the use of Mathematical Students, in which some 
knowledge of trigonometry and conic sections is assumed. 

In revising the First Edition, I have been greatly helped 
by the suggestions of various correspondents, and in par- 
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CHAPTER I 
FBELIMINABY 

1. Natural Fliilosopliy. — Natural Philosophy treatslpf 
the Laws of the Material World. It is concerned with the 
five fundamental ideas of Time, Space, Motion, Matter, and 
Force. Each of these ideas is the subject of a particular 
science. The five corresponding sciences are Algebra, Geo- 
metry, Kinematics, Physics, and Dynamics. 

The present work contains the elementary parts of Kine- 
matics and Dynamics. It assumes a knowledge of Algebra 
as far as simple equations, and of the Geometry contained 
in the first two books of Euclid. 

2. Dynamics. — Dynamics treats of the action of Force. 
Force is any cause which tends to alter a body's state of 

rest, or of uniform rmtion in a straight line. 

Kinematics treats of Motion without reference 'to Force. 
It is a branch of pure Mathematics, and a necessary pre- 
liminary to Dynamics. 

When more forces than one act on a body, their effect is 
either (1) to produce or change motion, or (2) to maintain 
rest or prevent change of motion. 

Hence Dynamics is divided into two parts — Kinetics and 
Statics. 

Kinetics treats of the action of Force in producing or chang- 
ing Motion. 

Statics treats of the action of Force in maintaining Best or 
preventing change of Motion. 
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Hydro^atics is that branch of Statics which treats of 
Lipids and Oases, 

[The student reading tliis subject for the first time is earnestly 
advised to make sure that he has mastered each part before he 
proceeds to the next. For this purpose he is urged to write 
out conscientiously the answers to the examinations and ex- 
amples. Definitions and other sentences printed in italics should 
be committed to memory. If he is preparing for examination, 
he will find it useful to work out both examination papers 
and examples a second time, and to do so with as great cUtentum 
to style, o/ccwract/y and legibility, as if he were actitaUy undergoing 
eMxmination.] 

Examination on Chaptbr I. 

1. Enumerate the fundamental ideas of Natural Philosophy, 
and the respective branches of Mathematics or Natural Philo- 
sophy in which they are investigated. 

2. Define Force. In what two ways is it recognised as 
acting ? 

3. Define Dynamics, Kinetics, Statics, Kinematics, and Hydro- 
statics. 



CHAPTER II 
KINEMATICS 

3. Motion of a Point. — Motion is change of PosUum, 
In Eonematics we consider the motion of a Point. A 
moving point passes from one Position in Space to another 
daring the lapse of an Interval of Time, Motion therefore 
connects the ideas of Space and Time. 

A movinjg point traces out a continuous Line, any small 
part of which is either straight or curved. If the line is 
straight, then its Direction is that in which the point is 
moving. If the line is curved, then we can draw a straight 
line which will have the direction of the motion of the 
point at any particular instant. This line is called in geo- 
metry the Tang&nt to the curve. 

As an example, take the case of a projectile impelled 

along a straight tube AB. As 
long as it is within the tube, its 
direction is that of the straight 
••, line AB. When it leaves the 
tube it describes the curve BCD. 
When the projectile is at C, its 
direction is that of the straight line CE, which is the tan- 
gent to the curve at C. 
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4. Unifoim Velocity. — Velocitt is Bate of Motion. It 
is Uniform or VaHahle, 

Uniform Velocity is the Bate of Motion of a point which 
passes over equal spaces in equal times. It is greater or less 
as the space passed over in a given time is greater or 



Thus a ship which, sailing uniformly, makes 15 knots in 
a certain time, has three times the velocity of one which 
makes 5 knots in the same tima 

Uniform Velocity is measured by the space passed over in a 
unit of tims. It is generally convenient to take 9, foot as the 
unit of space, and a second as the unit of time. With these 
units, a point has unit velocity, when it moves one foot in 
each second, a velocity of 12 when it moves 12 feet in each 
second, and so on. 

When the metrical* system is used for scientific pur- 
poses, a centimetre is generally taken as the unit of length, 
and velocities are then expressed in centimetres per second. 

Examples — ^ 

1. Find the velocity in feet per second of a train moving 
uniformly at the rate of twenty miles an hour. 

We must first express the distance in feet, and the time in 
seconds. Employing factors, 

20 miles = 20 x 1760 x 3 feet. 
1 hour = 60 X 60 seconds. 



* A metre is 3*28 feet, or more accurately 39*370 inches. 
10 metres are caUed a decametre, 
100 „ „ hectometre, 

1000 „ „ kilometre. 

Also i\f of a metre is called a decimetre, 
ifc „ >* centimetre, 

y^jj „ „ miUimetre. 
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The data may therefore be thus stated — 

In 60 X 60 seconds the train moves 20 x 1760 x 3 feet. 

20 X 1760 X 3 

•• " " '' 60X60 ^ 

.*. The velocity, or the space passed over in one second, 
_ 20 X 1760 X 3 

~ 60X60 

^. , 20x88x20x3 

This may be written , whieh, on cancelliuff 

^ 20x3x20x3 * 

factors common to numerator and denominator, becomes — 

88 

— = 29J^, the velocity required, 
o 

2. Find the velocity in centimetres per second of a man who 
walks 3 kilometres in 25 minutes at a steady pace. 

In 25 X 60 seconds he walks 3 x 100,000 centimetres. 

3 X 100,00 

25X60 

or his velocity is 200 centimetres a second. 

3. A point has- a velocity of 32*2 feet per second, find its 
velocity in centimetres per second. 

'0328 feet = 1 centimetre. 



„ 1 „ n — Z7 — 'zpr- == 200 centimetres, 



1 
1 foot = -rrrr- centimetres. 
•0328 

32*2 
/. 32*2 feet = "I^J^ = 981 centimetres (approximately). 

Examples for Exercise — 

1. A horse trots 2 miles in 9 minutes. Find its velocity in 
feet per second. 

2. A train has a velocity of 48 kilometres an hour. Find its 
velocity in centimetres per second. 

3. Which is the greater velocity, 100 yards in 11| seconds, or 
6} miles in 22 minutes? 

4. If the velocity of sound be 1118 feet per second, how long 
will it take to travel 43 miles ? 
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5. Algebraical Formnla of Uniform Velocity. — ^Let v 
be the velocity of a point moving uniformly, that is, the 
number of units of space which it passes over in each unit 
of time. Then— 

in 2 units of time it passes over 2t; units of space, 

99 ^ 99 » W *^ » 

and so on. 

Let t be any number of units of time. During this time 
the point passes over ty^v units of space, which may be 
written to or vt. If this distance be called s, then — 

s = vt^ (1) 

This equation enables us to find s when v and t are known. 

Divide both sides of equation (1) by t and we obtain — 

* -T (2) 

which enables us to find v when s and t are known. 
Again, divide both sides of (1) by » and we obtain — 

« =T (3) 

which enables us to find t when s and v are known. 

Examples — 

1. The velocity of a particle is 11 feet per second. Find the 
distance gone in 7 seconds 

From (1) 8 = vt, 

but 2; = 11, f = 7. 

/. < = 11 X 7 = 77 feet. 

2. A train goes a mile in a minute. Find its velocity in feet 
per second. , 

8 

From (2) v =— i 

but 8 = 1760 X 3, « = 60. 

1760 X 3 

, /. V — = 88 feet per second. 

60 '^ 
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3. A race horse has a velocity of 1500 centimetres per second. 
Find how long he takes to go a kilometre. 

•^ . . « 100 

Prom (3) * = — = ----- s 66f seconds. 

V 15 

Examples for Exercise — 

1. Find the distance an eagle flies in an hour, assoming its 
velocity to be 100 feet per second. 

2. Express (in feet per second) the velocity of the moon in its 
orbit round the earth, assuming that it describes a path of 
1,511,460 miles in 27 days. 

3. Find the number of units of time in which a body moving 
with uniform velocity a passes over b units of space. 

6. Variable Velocity. — Variable Velocity is thai of a 
point whick passes over tmeqml spaces in equal times. It is 
measured at any instant by the space which would be passed over 
in a unit of time, were the velocity at the instant under consider- 
ation to remain unchanged for a u/nit of time. Thus when we 
say that a bullet leaves a rifle with a velocity of 1330 feet 
per second, we mean that, if the velocity were to remain 
unaltered for a second, the bullet would, during that time, 
describe a path 1330 feet in length. 

7. Average Velocity. — WTien a point m^es with variable 
velocity for any interval of time, the Uniform Velocity, wUh 
which the sarne space can be described in the same time, is called 
the AVERAGE VELOCITY of the point during that time. 

During part of the interval the point's velocity must have 
been greater than the average velocity, during part it must 
have been less, and at some one instant it must have been 
equal to it. The shorter the interval is, the more nearly 
does the average velocity coincide with the actual velocity 
at any instant of the interval. 
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A railway train^ either increasing or decreasing its speed, 
is an example of variable velocity. By observing how far 
it goes in five minutes, we may obtain the average velocity 
during that period. A nearer approximation to its actual 
velocity at a particular instant is found by observing the 
distance travelled in one minute chosen so as to include 
that instant, and a still nearer by observing that travelled 
in one second similarly chosea 

Examples — 

1. A man walks 9 feet in one second, 8 in the next, 6 in the 
third, and 3 in the fourth; find his average velocity. 

Here we have to find a uniform velocity with which the whole 
distance, 26 feet, can be described in 4 seconds. 

s 26 
By (2) t; = — = — = 61, the average velocity required. 

2. Find approximately the same man's velocity at the end of 
the first second, assuming that he is constantly slackening his 
pace. 

The smallest interval, which we can take so as to include the 
given instant, is the first two seconds. During this time he 
walked 17 feet. 

« 17 

.•.!? = — = — == 8i, the average velocity during the first 
t jL 

two seconds. 

Examples for Exercise — 



1. A stone falls 16'1 feet in the first second, 48*3 in the next, 
and 80'5 in the third ; find its average velocity. 

2. With the same data, find as nearly as possible the stone's 
velocity at the beginning of the third second. 

3. A particle passes over a feet in the first second, h in the 
next, and c in the third. Find its average velocity. 

8 
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4. A point has during ty^ units of time an average velocity 1;^, 
and daring the next t^ units of time its average velocity is v^. 
Find its average velocity during the whole time. 

8. Representation of Velocities by Straight Lines. — 
The motion of a point at any instant is defined when its 
directum and raie are given. It is therefore completely re- 
presented by a Straight Line whose diredion is that in which 
the particle is moving, and whose length is proportional to 
its velocity at the instant under consideration. 

Examination on Sections 3 — 8. 

1. Define Motion. Show how it involves space and time. 

2. Define Velocity. What two kinds of velocity exist 1 Give 
examples of each. 

3. Define uniform velocity. How is it measured ? 

4 Prove the formula s = vL Deduce from this a formula 
which expresses the velocity in terms of the space and time. 

5. Define variable velocity. How is it measured ? 

6. What is meant by the average velocity of a point during 
a given time ? 

7. Show that a velocity may be completely represented by a 
straight line. 

9. Velocity of a Body. — When an extended body, or a 
solid figure, is in motion, if all its points have the same velo- 
city at any instant, that is if they are all moving at the same 
rate in parallel straight lines, that velocity is called the velocity 
of the body. A canal boat moving along a straight canal, 
and the framework of a carriage drawn along a straight and 
level road, are examples of bodies in which all the points 
have the same velocity. A revolving wheel and a rolling 
ball are examples of bodies in which the different points 
have different velocities, but we shall not require to consider 
the motion of such bodies. 

9 
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10. Absolute and Belative Velocity. — ^It must be ob- 
served that in speaking of a velocity we always mean a 
velocity with regard to some body which should be either 
expressly stated or clearly implied. Thus, in speaking of 
the motions of men, horses, and trains, we understand that, 
unless the contrary is expressed, it is their motion relatively 
to the surface of the earth that is intended. 

Of course we know that the surface of the earth is 
not at rest. The earth rotates about its axis, it revolves 
round the sun, it accompanies the sun in his motion re- 
latively to the stars, and it accompanies sun and stars in 
their motion relatively to other bodies in spaca It is im- 
possible that we can ever know the absolute velocity of 
the earth, for even if astronomers could ascertain all 
the motions already mentioned, the whole visible universe 
might still be in motion relatively to objects invisible 
to us. 

Thus, whenever we speak of either motion or rest, it is 
not absolute but relative motion or rest that is intended. 

Component and Resultant Velocities. — When a povni 
has two or more simiUtaneous vdocUies, each of them is called 
a componmty and the cowhined velocity is called their Be- 
sultant. 

When a sailor climbs the rigging of a ship we may find 
his velocity with regard to the ship. But he has at the 
same time the velocity of the ship with regard to the sur- 
face of the sea. If we combine these two velocities we 
shall find the sailor's velocity with regard to the surface of 
the sea. 

11. Composition of two nniform Velocities in the same 
Straight Line. — ^Two velocities in the same straight line 
may have the same direction, or they may have opposite 
directions. There are therefore two cases to be con- 
sidered. 

10 
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(1.) If two component vdocUies have the same direction in the 
same straight line, the ResvMant is their Sum. 

Let a point have two unifonn velocities, Vi and t;, feet per 
second, in the same straight line. Then since Vi and t;, are 
uniform, or the same at every instant, the resultant velocity 
is also the same at every instant, that is to say, it is a 
uniform velocity. 

To find its magnitude let us suppose that the point moves 

with the velocity Vi along the straight 

A j^g B line AB, and that the paper on which 

AB is drawn is itself in motion in the 
same direction with the velocity v^. (See § 9.) After one 
second the point will have moved Vi feet along AB, but AB 
will itself have moved v^ feet in the same direction owing 
to the motion of the paper. The point will therefore now 
be Vi + v^ feet from its original position in space, or, if v be 
its actual velocity, — 

v = Vi + Vi (4) 

(2.) If two component velocities have opposite directions in the 
same straight line the Resultant is their Differefnce, and has the 
direction of the greater component. 

Let a point have two uniform velocities, Vi and v^ in 
opposite directions. Then, as before, the resultant velocity 
is uniform. To find its magnitude, let us again suppose 

that the point is moving along AB 

A zjli B with velocity v^ but that the paper is 

moving in the direction of BA, that 
is, in the opposite direction, with velocity % If 2;i be 
greater than t;„ the point will, after one second, be Vi^v^ 
feet &om its original position in the direction of AB, or, if 
V be its actual velocity, — 

v = Vi-v^ (5) 

11 
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If v^ be greater than v^ the point will, after one second, 
be v^— Vi feet from its original position in the direction of 
BA. It is not necessary to form a new equation in this case, 
for equation (5) may be put into the form — 

t7= -('y>-t;i), 

which will apply to this case if we agree to consider that 
a negative velocity means a velocity in the opposite direc- 
tion to that chosen as positive. 

Corollary, — If a point have two equal and opposite velocities 
in the same straight line, it is at rest. 

For if in (5) Vi = v^ 

then v = Vi-v^ = 0, 

or the point is at rest. 

Examples — 

1. A ship is sailing with velocity 15, and a sailor walks along 
the deck in the direction of the ship's motion with velocity 6. 
Find the actual velocity of the sailor. 

Here v^ = 15, v^ = 6, 

.•. by (4) v = v^+v^= 21. 

2. Find the sailor's actual velocity when he walks at the same 
rate in the opposite direction. 

Here v^ — 15, and t;, = 6 in the opposite direction, 

.'. by (5) t; = t?i - «;, = 9. 

3. Find the sailor's actual velocity when he runs with velocity 
32 in the direction opposite to the ship's motion. 

Here v^ ^\b, «;, = 32 in the opposite direction, 

.-. by (5) «; = i;, - t;, = 15 - 32 = - 17, 

or the real velocity of the sailor is 17 in the direction opposite to 
the 'ship's motion. 

12 
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Examples for Exercise — 

1. A stream has a velocity of 2 miles an houTy and a boat is 
rowed first up stream and then down at the rate of 8 miles an 
hour. Find its actual velocity in each case. 

2. A sledge party travels northwards on an ice-floe at the rate 
of 12 ihiles a day. The floe is.itself drifting southwards at the 
rate of 15 yards a minute. In what direction is the sledge reaUy 
moving, and at what rate ? 

3. A river steamer sails down stream at the rate of 15 miles 
an hour, and up stream at the rate of 11 miles an hour relatively 
to the bank. Find the velocity of the river, and that of the 
steamer relatively to it. 

12. ParallelogTam of Velocities. — If two component velo- 
cUies be represented in magnitude cmd direction by two cuijacent 
sides of a parallelogram^ the resultant is represented by the 
diagonal passing through their intersection. 

Let a point have two uniform (see § 19) velocities repre- 
sented by the straight lines AB and 
AD. Complete the parallelogram 
ABCD. Join AC. AC represents 
the resultant velocity. 

Proof. — Since the component 
velocities are uniform, or the same 
at each instant, their resultant is also the same at each in- 
stant both in magnitude and direction, that is to say, it is a 
uniform velocity in a straight line. 

To find it, let us suppose that the point moves with 
velocity AB along the straight line AB, and that the page 
is in motion in the direction AD with velocity AD. After 
one second the point will have moved along AB from A to 
B, but the line AB will itself have moved into the position 
DC, owing to the motion of the page, and therefore the 
point will now be at C. It has therefore moved in the di- 
rection AC with velocity AC. 

18 
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13. Triangle of Velocities. — Ifa'pwrd have three component 
. velocities, which are represented in magnitvde and direction by 
the sides of a triangle taken in order, tiie point is at rest. 

Let a point have three velocities represented by the sides 
AB, BC, CA of the triangle ABC. 





Figure 1. 



Figures. 



In the parallelogram ABCD, BC is equal and parallel to 
AD, and thus equally represents the component velocity in 
that direction. Therefore in the triangle ABC (figure 1), 
the velocity AC is the resultant of the two velocities AB and 
BC. If we combine with these the velocity CA (figure 
2), then the two velocities AC and CA are equivalent to 
the three velocities AB, BC, and CA. But AC and CA are 
two equal and opposite velocities. Therefore the point is 
at rest. 

14. Polygon of Velocities. — If several component velocities 
be represented by all hU one of the sides of a polygon taken itp 
order, their resultant is that side taken in the opposite direction. 





A ^ B A ^ B 

Figure 1. Figure 9. 

Let AB, BC, CD, DE (figure 1) be the component 
velocities. Then AC is the resultant of AB and BC 



POLYGON OF VELOCITIES U 

AD is the resultant of AC and CD, that is^ of AB, BC, 
and CD. 

AE is the resultant of AD and DE, that is, of AB, BC, 
CD, and DE. 

Corollwry. — If a jpoirU have component velocities represented 
by all the sides of a polygon taken in order it is at rest. 

Let a point have velocities represented by AB, BC, CD, 
DE, EA. 

AE is the resultant of AB, BO, CD, and DE. 

.'. AE and EA are equivalent to AB, BC, CD, DE, and 
EA (figure 2). 

But AE and EA are two equal and opposite velocities. 

.'. the point is at rest. 

Note. — ^The above proofs hold good when the yelocities, and therefore 
the sides of the polygon^ are not all in one plane. 



Uxampli 

A point has the following simultaneoos velocities, 8 north, 7 
north-east, 8 east, and 7 south-east. Find the resultant velocity. 

Draw a line PQ north =8 
QR north-east =7 
BSeafit =8 

ST south-east «7 
PT is the resultant velocity. It 
will be found by measurement to be 
rather greater than 19. 

Examples for Exercise — 

1. Find by means of a figure the resultant of the following 
velocities, 6 north, 2 east, 2 south, 5 west. 

2. Find the resultant of velocities 3, 4, and 5 in the directions 
of the sides of an equilateral triangle taken in order. 

Note. — ^The advanced student may obtain the same results by calcula- 
tion. 

15 
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Examination on Sections 9 — 14. 

1. When can an extended body be said to have a certain velo- 
city? Give an example of a body which moves so that its different 
parts have different velocities. 

2. Define component and resultant velocities, and give 
examples. 

3. Prove that, if two component velocities are in the same 
direction, the resultant is their sum. 

4. Prove that, if two component velocities are in opposite 
directions, the resultant is their difference. 

5. Prove that a point which has two equal and opposite velo- 
cities is really at rest. 

6. Enunciate the proposition known as the Parallelogram 
of Velocities. 

7. Prove that, if two velocities be represented by two adjacent 
sides of a parallelogram, the resultant is the diagonal through 
their point of intersection. 

8. Enunciate the proposition known as the triangle of velocities. 

9. Prove that, if two velocities are represented by two sides 
of a triangle taken in order, the third side of the triangle is their 
resultant. 

10. Prove that the resultant of three velocities, proportional 
and parallel to the sides of a triangle taken in order, is zero. 

11. Show how to find the resultant of any number of velocities 
oo-existing in a point. 

12. When any number of simultaneous velocities exist in a 
point, what is the condition that their resultant vanishes ? 

15. fiesultant of two Velocities at Bight Angles. — If 

c ^^ component velocities AB and 
AD, or AB and BC, are at right 
angles, the parallelogram ABCD is a 
rectangle, and the triangle ABC is 
right angled. 

.*. By Geometry (Euclid L, § 47). 

AC2 = AB2 + BC2 

16 
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or, if v^ and v^ be the components and v the resultant 
velocity, 

«2 « r^« + t;g2, (6) 

hence, extracting the square root of each side, 



Example — 

A ship sails eastwards with velocity 4, and is at the same time 
carried northwards by a current with velocity 3. Find its re- 
sultant velocity. 



Here 


Vi = 4, .'. t^,* = 16 




v^ = 3, /. v^ = 9 


And by (6) 


t;2 =vi« +«;,« = 25, 




.*. v = 5. 



The direction of the ship's resultant motion is that of AC in 
the figure if AB = 4 and BC = 3. 

Examples for Exercise — 

1. A ship is sailing at the rate of 12 miles an hour. A sailor 
walks across the deck at the rate of 5 miles an hour. Find the 
resultant velocity of the sailor, showing its direction by means 
of a figure. 

2. A man swims across a river with velocity 3*6. The velocity 
of the current is 10*5. Find the resultant velocity of the man. 

3. If the river in the last example is 972 feet broad, find how 
far the man is carried down by the current. 

16. Resultant of two E^ual Velocities. — If two component 
velocities be equal, the resultant wUl Used the angle between 
them. 

In the parallelogram of velocities ABCD, let AB = AD, 
then BC = CD, and the triangles ABC, ADC have three 
sides equal. 

/. the angle DAC = the angle BAC (Euclid I. 8). 

B 17 
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17. Besnltant of any two Velocities.* — ^Let AB and 
AD, or AB and BC, be any two velocities whose directions 
form a given angle DAB, and let AC be their resultant. 





Figure 1. 



Figure 2. 



From C draw CE perpendicular to AB, meeting it, pro- 
duced if necessary, in K By Geometry — 

(1) If DAB be acute, as in figure 1, then ABC is obtuse. 
.-. AC2 = AB2 + BC2 + 2AB-BE (EucUd II. 12). . (7) 

(2) If DAB be obtuse, as in figure 2, then ABC is acute. 
/. AC2 = AB2 + BC2-2AB-BE (Euclid II. 13). . (8) 

Equation (7), or (8), enables us to calculate the value of 
AC, provided we know the length of BE. This can be 
found by elementary Geometry when the angle DAB is one 
of the following :—30^ 60°, 120^ 150°, 46^ 135°. 

In the first four cases the triangle BCE is the half of an 
equilateral triangle, and its hypotenuse BC is equal to 
twice its shortest side ; in the last two cases CE is equal 
to BE ; thus in all cases BE can be found. 

Examples t — 

1. Find the resultant of two velocities 10 and 6 whose direc- 
tions form an angle of 60^. 



* For the trigonometrical expression of the resultant of any two 
velocities see Appendix. 

t The second example in this and the following section, may be omitted 
by those who do not understand surds. 

18 



RESOLUTION OF A VELOCITY 



18 



In figure 1, let AB = 10, BC = 6, Z DAB « ZCBE 
Then CBE is the half of an equilateral triangle. 



60®. 



By (7) 



.•.BE = iBC = 3. 
AC2 = AB* + BC2 + 2AB BE, 
= 100 i- 36 + 60 = 196. 
.-.AC = 14. 



2. Find the resultant of velocities 7 and 4, at an angle of 135^. 

In figure 2, let AB-7, BC-4, L DAB-135*. 
Then zCBA-180"-136*-46*. 
.-. L BCE-45*. 
.-.CE-BE. 
And BC2-BE»+CE8-2BEa. 

.•.BE»-4-BC2 

.-.BE- — BC= — -2\/2. 
V2 V2 



By (8) 



AC2=ABa+BC2-2AB BE, 

=49+16-28 V2=66-28V2. 
.•.AC= V65-28V2. 



Examples fi/i' Exercise — 

1. Find the resultant of velocities 7 and 8 at an angle of 60^. 

2. Find the resultant of velocities 8 and 5 at an angle of 120^. 

3. Find the resultant of two unit velocities— (1) at 30*, (2) at 46', (3) 
at 150*. 



18. Besolution of a Velocity in two Directions at 

Biglit Angles. — Let AC be any 
velocity. Through A draw any 
straight line AF, and from C 
draw CB perpendicular to AF. 
Then the velocity AC is the re- 
sultant of the velocities AB and 

BC. These velocities are called the resolved parts of AC 

along and perpendicular to AF. 

19 
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Examples — 

1. Let AC be a velocity of 5, and let AB, one of its rectangu- 
lar components, be equal to 4. Find BC. 

BC2 = AC« - AB« = 25 - 16 = 9 

.•.BC=3 ^ 

2. Let AC be a unit velooity, and let the z CAF » SO", 
components of AC along and perpendicular to AF. 

The angles CAB and ACB together make up a right angle. 

.-. ZACB-Wr. 
.*. ACB is half an equilateral triangle, and CB« JAC*}. 
Also AB«-AC»-CB«-1 - J-}. 
.•.AB«iV8. 

Examples for Exercise — 

1. A vertical velocity is equal to 4. Find its component along 
a line which makes an angle of 30^ with the horizon. 

2. A velocity of 3^2 is in a direction ihclined at an angle of 45* to the 
horizon. Find its horizontal component. 

19. Composition and Resolution of Variable Velocities. 
Variable velocities may be compounded and resolved in 
the same manner as has been shown to hold good for uni- 
form velocities. For the effect of a variable velocity at any 
instant is the same as that of an equal uniform velocity, and 
in compounding we are only concerned with the instanta- 
neous effect. 

20. Ghange of Velocity. — Let the velocity of a point at 

a given instant be AB. If the 
velocity be uniform AB will 
continue to represent it, but if 
it be variable then after an in- 

)f ^^ terval of time, it will be found 

to have changed in magnitude, or in direction, or in both. 

Let AC be the new velocity. The change in the velocity 
is the same as would have been caused by combining with 
AB a velocity BO. BC is therefore called the change of 

20 
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Cf 




velocity doriiig the interval The change of velocity is de- 
fined when we know its diredian and magnUude. 

Examples — 

1. A atone is thiown up with velocity IS. After an 
^ ' ^ interval it is found to he descending with velocity 8. 
Find its change of velodly. 

From A draw AB to represent the original, AC the 
changed velocity. BC will represent the change of 
velocity. 

Here AB is vertically npwaids i> IS 
AC „ „ downwards •» 8 

S. A velocity of 4 east is changed into 3 north. 
Find the change of velocity. 

Drawing the figure we see that the triangle 
ABC is right angled at A. 

.•.BC« = AB« + AC« = 16-f 9 = S6. 

.•.BC = 6. 
. Its direction is given by the figure. 

Eoaam'pUs fcfr Exercise — 

1. A point revolves in a circle with unit velocity. Find the 
change in velocity during an interval in which an arc of 60° is 
described. 

2. Find the change in velocity during an interval in which the 
same point describes a quadrant (A quadrant is an arc of 90^.) 

21. Acceleration. — When the velocity of a paint varies, the 
rate of change is called the acceleration. like Velocity it 
is uniform or variable. Uniform acceleration is measured 
by the change of velocity in a unit of time.* A point has there- 
fore unit acceleration when it receives in each second a 
change of velocity (see § 20) of one foot per second. Like 
velocities, accelerations are represented by straight lines in 

• The measurement of variable acceleration, and the ease of uniform 
circular motion, are discussed in the Appendix. 
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their directions, and proportional to their magnitude. They 
are compounded and resolved in the same way as velocities. 
Thus we have the ParaMdogram of Accelerations^ the 
Triangle of Accelerations, and the Polygon of Accelerations. 
A velocity is said to be accelerated whenever it is changed 
either in magnitude or in direction, or in both; thus a velo- 
city undergoing acceleration may have its magnitude in- 
creased or diminished, or its direction may be changed 
while its magnitude is left unaltered. 

22. Uniform Acceleration in the Direction of Motion. — 
Let a point be in motion with velocity F, and let it have a 
uniform acceleration a in the direction of motion. Then 
the increase of velocity in each second is equal to a. 

At the beginning its velocity is V, after one second it is 
F+ a, after two seconds it is V^ 2a, and so on ; and after 
t seconds it is V+ ta or V+ at. 

If, then, the velocity after t seconds be called v, — 

v^F+at (9) 

To find the space passed over, we must first find the 
average velocity. Since the velocity increases uniformly, 
the average velocity during any interval is equal to the 
velocity at the middle of that interval; or, what is the 
same thing, half the sum of the velocities at the beginning 
and end of the interval* 

Thus, to find the average velocity during t seconds, we 

have — 

velocity at beginning = F, 

velocity at end = F + at, 



their sum = 2F -{- at. 



* The same is trae of any quantity which increases uniformly. Thus, 

the average value of a man's age between his 20th and dOth year 

20+30 
is — o — or 25, and is so solely because age is a quantity which increases 

uniformly. 
23 
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Dividing this sum by two, we find the — 
average velocity = F + J a/. 
Also, if 5 be the space passed over, then 

s = (r + Ja/y 

or s^ Vt Ar\d^ (10) 

Equation (9) expresses the relation between v and t^ and 
equation (10) expresses that between « and i. By combin- 
ing them we may eliminate t and obtain an equation con- 
necting V and & 

For since v ^ V + at, 

:,^ = fr2 + 2aVt + a^^ = F^ + 2a{Ft + Ja/^), 
or t;2 = r2 + 2a5 (11) 

Examples — 

1. A body has a UBiform acceleration 12. If its initial velocity 
be 7, find its velocity after 5 seconds. 

By (9) v= V+at, 

here F = 7, o = 12, ^ = 5. 

.-. «; = 7 + 12x5 = 67. 

2. Find the space which the same body passes over during the 
five seconds. 

By (10) s^Vt-^- iafi, 

or « = 7x5 + ixl2x25 = 35 + 150 = 185 feet. 

3. A body starts from rest with a uniform acceleration g. Find 
its velocity after t seconds, and the space passed over in that 
time. 

Here * = ^'j Mid F = 0. 

By (9) v=V+at^O + gt. 

By (10) « = F[f + 4o«« = + igi». 

By (11) v*= F*+ 2cw = + 2gs. 

Hence we obtain the equations v =^ gt,8 == igt\ v* » 2g8. 
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We shall afterwards find that this is the case of a body falling 
from rest under the action of gravity. 

4. A body starts from rest with a uniform acceleration of 32*2. 
Find its velocity after 8 seconds. 

Here the equations are those of example (3). 

s = igfi 
Also g = 32-2, and t = 8. 

.•. i? = 267-6, and s = 1030-4. 

6. A body starts from rest with uniform acceleration g = 32*2. 
Find its velocity after it has passed over a distance « = 100. 

Here v* = 2gs, (See Example 3.) 

substituting the values of g and «, 

v' = 6440, 
.*.«;= 80*3 approximately. 

Eoeamples for Exercise — 

1. A body starts with velocity 7, and has a uniform accelera- 
tion ^. Find the velocity after 12 seconds, and the space passed 
over in that time. 

2. A body starts from rest, and has a uniform acceleration 10. 
Find in what time it describes 125 feet, and what is its velocity 
at the end of that time. 

3. A body starts with a velocity 48*3, and has a uniform 
acceleration 32*2. How far wiU it travel in 10 seconds, and 
what will be its velocity after that interval ? 

4. A stone falls from rest with a uniform acceleration of 9*8 
metres a second. What will be its velocity after falling 10 
metres? 

23. XTniform Acceleration opposite to the Direction of 
Motion. — ^Let a point be in motion with velocity F, and let 
it have a uniform acceleration a opposite to the direction of 
motion. Then the decrease of velocity in each second is a, 
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or the acceleration in the direction of motion is — «. Sub- 
stituting this value in equations (9), (10), (11), we obtain 



5 = Vi^\oJ^. V . . . . (12) 



Examples — 

1. A body baa a velocity 10, and an acceleration 2 opposite to 
its motion. Find how far it will go in 3 seconds, and its velocity 
at the end of that time. 

Here by (12) t; = F - o« 

= 10 - 2x3 = 4. 
Also s^Vt- Ja<a 

= 10X3 - ix2x9 = 21. 

2. Find after what time the body will come to rest. 
Here we have to find what value of t makes v =* 0. 

That is F - a< = 0. 

This may be written V = at, 

V 10 
,\t ^ — = — = 6 seconds, 
a 2 

3. A body starts with velocity F in a certain direction, and 
has a uniform acceleration g in the opposite direction. Investi- 
gate its motion. 

Here equations (12) become 

V ^ V - gt 

t;s = F« - 2gs. 

From these equations we see that v, which is at first = V, 

F 

gradually gets smaller until it is equal to nothing, when ^ » — 

yi ^ 

and a = —-. After that v is negative, or the body begins to 

If 
move in the direction opposite to its former motion. 

We shall afterwards find that this is the caee of a body thrown 
upv^ards, and acted on by gravity. 
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4. A body starts with velocity 80*5, and a uniform acceleration 
32*2 opposite to its direction of motion. Find its velocity and 
position after 4 seconds. Here the above equations give 

V = 80-5 - 32-2x4, 

= - 48-3. 
« = 80-5x4 - 4X32-2X16, 

= 64-4. 

.'. after 4 seconds the body will be returning with a velocity 
48*3, and will be 64-4 feet from the starting point. 

Examples for Exercises — 

1. A body has a velocity 16, and a uniform acceleration 3 
opposite to the direction of motion. 

(1) How far will it go in 3 seconds ? 

(2) What will be its velocity after 3 seconds ? 

(3) When will the body stop ? 

(4) How far will it go before stopping ? 

(5) What will be its velocity and distance after 8 seconds ] 

(6) When will it return to its starting point, and with what 

velocity ? 

(7) What will be its velocity at a distance 10 from the 

starting point in the original direction of motion ? 

2. A body starts with velocity ng^ and has a uniform acceler- 
ation g opposite to the direction of motion. 

(1) Show that it wiU be at rest after n seconds. 

(2) Find the distance reached in that time. 

(3) Show that it will take n seconds to return from that 

distance. 

(4) Show that it will reach the starting point again with 

the same velocity with which it left it. 

Examination on Sections 15 — 23. 

1. Find the resultant of two velocities at right angles. 

2. Prove that the resultant of two equal velocities bisects the 
angle between them. 
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3. Find the resultant of any two velocities whose directions 
form an acute angle. 

4. Find the resultant of any two velocities whose directions 
form an obtuse angle. 

5. What is meant by resolving a velocity in two directions 
at right angles ? 

6. Prove that variable velocities may be compounded and re- 
solved in the same manner as uniform velocities. 

7. Define change of velocity. 

8. Define acceleration. How is it measured when uniform ? 

9. Prove that with uniform acceleration a in the direction of 
motion, if F be the initial velocity and v the velocity after t 
seconds, 

v^ V+at. 

10. When a point moves with uniformly accelerated velocity 
during any interval of time, how is the average velocity obtained ? 
At what time was the point moving with the average velocity ? 

11. Find the space passed over in time ^ by a point moving 
with initial velocity V and uniform acceleration in the direction 
of motion. 

12. Form the equations of motion of a point which has uniform 
acceleration opposite to the direction of motion. 



General Examples in Kinematics. 

[It is not necessary that the student should solve all the general examples. He 
should merely write out a sufficient number to make sure that he has mastered the 
principles of the chapter. The others may be useful when he comes to reyise.] 

1. Express the following velocities in feet per second : — 

(1) 12 miles an hour. 

(2) 2500 miles in 24 hours. 

(3) 9 inches in 14 minutes. 

(4) 25 feet a minute. 

(5) 15 centimetres in 2 minutes. 

(6) A decimetre in 1 second. 

(7) 10 feet in i of a second. 

(8) 75 feet in 2 hours. 
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(9) 91,760,000 miles in 8 minutes and 16 seconds. 

(10) i of j- of an inch in | of ^ of a second. 

2. The following velocities are in feet per second. Express 
them in miles per hour. 

(1) Channel steamer 22. 

(2) Carrier pigeon 120. 

(3) Sound 1122. 

(4) A rifle bullet 1342. 

(5) The earth's centre 101,090. 

3. Find the number of miles travelled in 20 minutes by bodies 
moving with the velocities mentioned in question 2. (5 answers). 

4. Find the number of feet travelled in -^j^ of a second by the 
same bodies. (5 answers.) 

5. Find the number of seconds each of these bodies takes to 
pass over 22 feet. (5 answers). 

6. Find in feet per second the velocity of a point which passes 
over — 

(1) a feet in h seconds. 

(2) 2a feet in 3a seconds. 

(3) a yards in h minutes. 

(4) 10 centimetres in a + 5 seconds. 

(5) a^h feet in al!^ seconds. 

(6) a* - 5' feet in a + 6 seconds. 

7. Find how many seconds a point takes to describe a circle 
with uniform velocity in the following cases : — 

(1) Badius 1, velocity 1. 

(2) „ a, „ V. 

(3) Badius J, velocity ir. 

(4) „ 7, „ 3t. 

Note. — ir represents the ratio of the circumference to the diameter of a 
circle, or 2Tr is the circumference of a circle whose radius is r. 

8. A man walks 3 miles in an hour, and a fourth mile in 12 
minutes. Find his average velocity — 

(1) in feet per second. 

(2) in miles per hour. 

(3) in centimetres per second. 

(4) in kilometres per hour. 
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9. A man walks 10 miles in 2^ hours, walking for the first 
} of an hour at the rate of 5 miles an hour. Find his average 
velocity during the remainder of the time — 

(1) in feet per second. 

(2) in miles per hour. 

10. If the velocity of a bullet is 1250 feet per second, and that 
of sound 1200, how much time will elapse, on a range of 1000 
yards, between the time that the bullet strikes the target and the 
time that the sound of the discharge reaches the target ? 

11. A walks along a road at the rate of 4 miles an hour. 
After he has gone 7 miles B follows him, walking at the rate of 
5 miles an hour. How far will B have walked when he over- 
takes A? 

12. Compound the following velocities in the same straight 
line : — 

(1) 3, 5, 7, and 12, all forwards. 

(2) 6, 8, and 9, all backwards. 

(3) 4 and 7 forwards, 9 backwards. 

(4) 7 forwards and 13 backwards. 

(5) a + 5 forwards and a-h backwards. 

(6) ;r(a? - \){x - 2) forwards and x{x + 1)(^ + 2) backwards. 

13. A boat is rowed at the rate of 6 miles an hour in still 
water. How long will it take to row it 5 miles up a river against 
a current flowing 6 feet in a second ? 

14 If the boat (in last example) be rowed down the same 
stream, how far will it go in an hour ? 

15. A runs 100 yards in 12 seconds, B runs a mile in 5 minutes^ 
Find the ratio of their velocities. 

16. Find the resultant of two velocities, v^ and v,, whose 
directions are at right angles when their values are — 

(1) 6 and 8. 

(2) 1, }. 

(3) 8, 15. 

(4) 607, \\x, 

(5) 20, 21. 

(6) ir, + Va = 17> 
^1 - V, = 7> 
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(7) %av^ H- hv^ = a3? 
av^ - 2bv^ = ¥} 

17. Find by means of accurately drawn figures the directions 
and magnitudes of the resultants of the following velocities : — 

(1) 3 and 4 at 46°. 

(2) 4 and 6 at 105°. 

(3) 2, 5, and 7 in the directions of the sides of an equilateral 
triangle taken in order. 

(4) 3, 4, and 5 in the directions of three consecutive sides 
of a square. 

(5) 2, 3, 2, 4, and 3 in the directions of 5 consecutive sides 
of a regular octagon. 

18. Find the resultants of the following pairs of velocities at 
an angle of 60° : — 

(1) 5 and 16. 

(2) 1, H. 

(3) 2^+1, x{Zx + 2). 

19. Find the resultants of the following pairs of velocities at 
an angle of 120° : — 

(1) 16 and 21. 

(2) 8i, 10. 

(3) 2x + 1, x{x + 2). 

20. Find the resultants of velocities in the directions of the 
sides of an equilateral triangle taken in order, whose values are — 

(1) 4, 4 and 5. 

(2) 9, 14, and 17. 

21. Find the resultants of velocities in the directions of the 
sides of a square taken in order, whose values are — 

(1) 2, 2, 2, and 1. 

(2) 3, 2, 1, and 0. 

(3) 7, 5, -3and-2. 

22. A bullet has velocities of 400 northwards, of 300 eastwards, 
and of 1200 vertically upwards. Find its resultant velocity. 

23. A ship is sailing at the rate of 11^ miles an hour. A 
sailor climbs a mast 55 yards high in 24 seconds, find his rate of 
motion relatively to the surface of the earth. 

24. Two men walk 'along two straight roads, which form a 
right angle, at the rate of 4 and 4^ miles an hour. If they 
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started from the intersectioD of the roads, how far apart will 
they be 5 hours afterwards ? 

25. The resultant of two velocities bisects the angle between 
them. Prove that the velocities are equaL 

26. The resultant of two equal velocities is equal to either of 
them. Find the angle between the components. 

27. A velocity of 12 is changed into a velocity of 6 at right 
angles to its former direction. Find the change of velocity. 

28. A velocity of 13 has a horizontal component of 12. Find 
its vertical component. 

29. Find the change of velocity in each of the following cases: — 

(1) 4 north into 5 north. 

(2) 4 north into 5 south. 

(3) 1 east into V2 north-east. 

(4) 1 east into 1 south. 

30. A velocity represented by one side of an equilateral tri- 
angle is changed into that represented by another side taken in 
the opposite direction round the triangle. Find the change in 
magnitude and direction. 

31. A velocity v has Vy^ and v^ for its rectangular components. 
Find v^ in the following cases : — 

(1) i; = 12i , i;, = 7J. 

(2) t; = 29 , t^i = 21. 

(3) i; = 73 , t^i = 56. 

32. A velocity of 6 becomes one of 3 at an angle of 60° to its 
original direction. Find the change of velocity. 

33. A particle moves with uniform acceleration during 3 
seconds. Its initial velocity is 7 and its final velocity is 13. 

Find— 

(1) the average velocity. 

(2) the space passed over. 

(3) the acceleration. 

34. A body starts with velocity 4, and has a uniform accelera- 
tion 1} in the direction of motion. 

Find— 

(1) the velocity after 10 seconds. 

(2) the average velocity during that time. 

(3) the space described in that time. 
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35. A body starts from rest with uniform acceleration 32. 
Find— 

(1) how far it travels in 1 second. 

(2) what distance is passed over in the second second. 
(8) its velocity after 6^ seconds. 

(4) the space described in 5^ seconds. 

(5) the velocity after travelling a distance 9. 

36. A body has an initial velocity %^g and a uniform accelera- 
tion g. Find — 

(1) its velocity after 4 seconds. 

(2) the space described in that time. 

37. A body starts from rest with uniform acceleration ^^ 32*2. 
Find— 

(1) the velocity after 5 seconds. 

(2) the velocity after n seconds. 

(8) the space described in n seconds. 

(4) after what time the velocity will be 4^. 

(5) after what time the distance travelled will be 18^. 

38. A body has velocity 29 and a uniform acceleration 3 oppo- 
site to the direction of motion. Find — 

(1) the velocity after 7 seconds. 

(2) .the average velocity during that time. 

(3) the space described in 7 seconds. 

(4) after what time the body is at rest. 

(5) the whole space described before it comes to rest. 

39. A body has initial velocity ng and uniform acceleration g 
opposite to the direction of motion. Show— - 

(1) that its velocity after n + ^ seconds is equal and oppo- 
site to its velocity after w - r. 

(2) that its distances from its starting point at the above 
mentioned times are equal. 

40. Show that there is only one point within a triangle such 
that velocities represented in magnitude and direction by the 
lines drawn from it to the angles would, if generated simultane- 
ously, leave the body at rest. 

41. A body is moving with velocities represented by three 
sides of a square taken in the same order and the fourth in the 
opposite. Find its real velocity. 

82 



CHAPTER III 



KINETICS 



24. Preliminary. — In the preceding chapter we have con- 
sidered Motion from a purely mathematical point of view. 
We have now to apply its results to the motion of material 
bodies ilnder the action of force. The introduction to 
Dynamics is supplied by Newton in his Principia, by means 
of definitions and axioms. The axioms are three in num- 
ber, and are called the Laws of Motion. 

25. Force. — As before, we define foecb to be any came 
which tends to alter a bodies state of rest, or of tmiform motion 
in a straight line. 

A force is determined when its point of application, its 
direction, and its magnitvde are given. It is therefore com- 
pletely represented by a straight line, drawn from the point 
of application in the direction in which the force acts, and 
whose length is proportional to the magnitude of the 
force. 

26. Firgt Law of Motion. — Every body continues in Us state 
of rest or of v/nifmn motion in a straight line, except in so far as 
it is compelled by forces to change that state. 

The meaning of this law will be seen by considering the 
following example : — If we propel a curling-stone along a 
horizontal surface of ice, its velocity gradually becomes 
less. This is due entirely to two causes, the roughness of 
the ice and the resistance of the air. The smoother the ice 
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and the rarer the atmosphere, the more nearly uniform i& 
the velocity of the curling-stone. The first law of motion 
asserts that if we could obtain perfectly smooth ice and a 
perfect vacuum, the velocity of the curling-stone would be 
uniform. 

27. Inertia. — The, property of matter in vvrtue of which it 
tends to maintain its state of rest or of tmiform motion in a 
straight line is called its inertia. 

The first law of motion asserts the existence of Insrtia, 
and that, on account of inertia, force is required to change a 
body's state of rest or motion. 

Thus the inertia of our bodies is the cause of the jerks 
we receive when sitting in a carriage which is suddenly set 
in motion, or suddenly stopped. In the first case our state 
is one of rest, and tends to remain so, in the second it is one 
of motion, and tends to continue so. 

28. The so-called Oentrifagal Force. — The first law of 
motion shows us that, whenever a body moves in a curve, it 
does so because of some force which continually causes the 
body to change the direction of its motion, and thus pre- 
vents it from continuing to move in a straight line. 

As an example, consider the case of a stone S tied to a 

string SC, and swung in a circle 

V round the hand C. At any instant 

the stone is moving in the direction 

\ of the tangent ST, and would con- 

\ tinue to move in that line were it not 

; prevented from doing so by the ten- 

/ sion of the string. K, however, the 

\, /''' string break, the stone will fly off 

along the tangent. 
In this case, the tension of the string is the force which, at 
each instant, prevents the stone from continuing its natural 
motion in a straight line. It was at one time supposed 
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that this force was rendered necessary by a centrifugal 
force, called into action by the fact of the body's moving in 
a corve; and the name is still generally applied to the 
tendency such a body has to fly off at a tangent, and thus 
increase its distance from the centre. The term is doubly 
misleading. First, it is not an effect oiforcCy but a result of 
the inertia of the moving body ; secondly, it is not, properly 
speaking, eerUrifugaly for the tendency is not to motion along 
GS produced, but along ST. 

The following are examples of bodies which move in 
curves owing to the action of some force. 

The earth in its annual motion round the sun has the 
direction of its motion continually changed by the sun's 
attraction. The particles of a fly-wheel are forced by 
cohesion to move in a circle ; if the velocity of the fly-wheel 
is made so great as to overcome the force of cohesion, the 
wheel will fly asunder. When a wet mop is trundled, the 
adhesion of the drops of water is not sufficient to prevent 
their flying off at a tangent. 

29. The Measurement of Time. — The first law of motion 
gives us a means of measuring time. It tells us that every 
body, not acted on by force, moves uniformly, that is, 
passes over equal spaces in equal times. Thus we may 
define equal times as those in which such a body passes 
over equal spaces. 

In the case of a rotating body, the internal forces cause 
the different particles of which the body is composed to 
move in circles, but do not alter their velocities. If, then, 
there are no external forces tending to alter the rate of 
rotation, the rotating body turns through equal angles in 
equal times. This condition is more nearly fulfilled in the 
earth than in any other body which we can easily observe. 

We may therefore define equal intervals of time, as times 
during which the earth turns through equal augles. 
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Examination on Sections 24-29. 

1. How does Kinetics differ from Kinematics ? 

2. Define Force. What are the three elements which specify 
a force? Show that a straight line completely represents a 
force. 

3. Enunciate the first law of motion, and illustrate it by an 
example. 

4. Define Inertia. Give examples which prove its existence. 

5. What is meant by centrifugal force % Show that the term 
is a misleading one. 

6. Show that the first law of motion enables us to define equal 
portions of time. 

30. Mass, Moxnentnm. — We have seen that every body 
possesses Inertia, in virtue of which it tends to maintain its 
state of rest or motion. When, in speaking of a body, we 
put all other differences out of account, and consider it only 
as possessing more or less inertia, we say that the body 
consists of a certain mass. 

Mass is another name for Qm'niity of Matter, the quantity 
being measured as shown in § 33. The British unit of 
mass is the imperial pound. The standard pound is a mass 
of platinum deposited in the Exchequer OflGice. 

In the metrical system of units the unit of mass is a 
gramme, which is the thousandth part of a platinum kilo- 
gramme * deposited in the Archives. 

The produd of the mass and the velocity of a moving body is 
called Us momentum. 

Thus if a body containing m units of mass be in motion 
with velocity v, and itis momentum be called M, — 

M^mv ...... (13) 

* Kilogramme » 2*20462 lbs. 
86 



SECOND LAW OF MOTION 81, 82 

ExampUs — 

1. Masses of 10 and 15 pounds have velocities 7 and 5 respec- 
tively. Compare their momenta. 

Let m,, m, be the masses. 

« '*'i>^«> „ their velocities. 

„ M-^,M^,y, ff momenta. 
Then by (13) if, = m^Vy^ = 70 

M^ = m^v^ a= 75 

•''¥,""75~15 

2. The momentum of a maas m, moving with velocity v is com- 
municated to a mass m'. Find the velocity produced. 

Let v' be the velocity produced. 
Then by (13) M^mv=m!v', 

mv 

m 

Examples for Exercise — 

1. A mass of 4 pounds has a velocity of 1000 feet per second. 
A mass of 100 has the same momentum, find its velocity. 

2. A mass of 6 lbs. has velocity 12. If the mass were divided 
into 3 portions of 1, 2, and 3 lbs., what must be their respective 
velocities, in order that each portion may have J of the original 
momentum of the whole mass ? 

31. Second Law of Motion. — Change of Momerdum is pro- 
portional to the force which causes it and is in the direction of 
the straight line in which the force acts. 

In other words, a given force acting on a body for a given 
time always produces the same change of momentum, what- 
ever be the mass of the body on which it acts, and whether 
that body be at rest or in motion in any direction with any 
velocity. 

32. The Measurement of Force. — The second law of 
motion gives us a means of comparing different forces. 
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Apply different forces for equal times to the samt body and 
observe the accelerations produced. Since the mass is the 
same in each case, the momenta generated are proportional 
to the accelerations, but, by the second law of motion, the 
forces are proportional to the momenta, and therefore in 
this case to the accelerations. 

A vmform force is measfwred by the momenitim which U 
generaies in a unit of time. 

Let/ be a uniform force, and let it act on a mass m, and 
produce an acceleration a. Then a is the change of velo- 
city in a unit of time (§21). Therefore ma is the change 
of momentum, or the momentum generated in a unit of 
time. 

.•./=wia (14) 

It follows that our unit of force is that which acting on unit 
mass produces unit acceleration. 

33. The Measurement of Mass. — ^The second law also 
enables us to compare masses. For if equal forces act for 
equal times on different masses, the accelerations produced 
are inversely as the masses. 

Again, if different forces applied to these masses give 
them the same acceleration, the forces must be proportional 
to the masses. Thus we see that the mass of a body may 
be measured by the force required to give it a certain accel- 
eration. In other words — the mass of a body is vfieaswred by 
its inertia. 



ExampU 

The same force is applied to masses of 4, 6, and 8 pounds^ 
When applied to 4, it causes an acceleration 12. Find the force. 
What acceleration will it give the other masses ? 

Here /=mo=48 

Therefore when m=6, o= 8. 
And when »i=8, o= 6. 
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Example for Exercise — 

Two forces /i and/, applied for equal time to masses of 9 and 
12 pounds, cause the same acceleration. Find/|, if /, =8. 

34. The Force of Gravity. — The great law of gravitation 
announced by Sir Isaac Newton is, Every particle in the uni- 
verse attracts every other wWh a force whose direction is that of 
the line joining the two, and whose magnitude is proportional to 
the product of their masses divided by the square of their distance 
from each oAer. 

A particle of matter near the surface of the earth attracts, 
and is attracted by, all the particles of which the earth is 
composed. The resultant (see § 39) of all these forces is a 
single force, tending to move the particle towards the 
centre of the earth, and called the force of gravity or the 
toeight of the particle. 

Let g represent the weight of unit mass at a certain 
place. It follows from the law of attraction that if w be 
the weight of a mass m at the same place 

w = mg* (16) 

Comparing this equation with equation (14), we see that 
g represerds the acceleration caused by gravity in a falling body 
at that place. 

Owing to the figure, density, and rotation of the earth, 
the value of g differs at different parts of the earth's sur- 
face. At the equator it is 32*09. It gradually increases 
with the latitude, and is 32*25 at the pole. The average 
value for the British Isles is 32*2. 



* It was experimentally demonstrated by Newton that pendulums of 
the same length vibrate in equal times whatever be the material of which 
their bobs are formed. Hence he concluded that the attraction of the 
earth on any body is proportional to the mass of the body. 
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Examples — 

1. Two heavy particles, whose masses are m and m', when placed at a 
distance d, attract each other with a force /. Find their attraction at a 
distance d'. 

Since the attraction is proportional to the product of the masses divided 
by the square of the distance, we have 

^ , mm' 

where i& is a constant quantity. 
Let/' be the attraction at the distance d'j then similarly 

mm' 

Multiplying both sides of the first equation by c^, and of the second 
by d'^, we get 

d^f^df^fl 

d^ 



or /'= — / 



2. Heavy particles, whose masses are 3 and 4, and whose -distance is 5, 
attract each other with a force A, Find the attraction of particles whose 
masses are 43 and 50 at a distance 100. 

d^ ""25^ ••*"12'*- 
. ^, , 43x50 



10000 



. 25x43x50 43 
•'•12x10000 96 

Examples for Exercise — 

1. Two masses at a distance of 20 feet exert an attraction/. Find the 
attraction at a distance of a mile. 

2. The mass of the planet Jupiter is 300 times that of the earth. Tak- 
ing its distance from the sun as 5 times that of the earth, compare the 
force with which the sun attracts the earth and Jupiter. 

3. The diameter of Jupiter is 85 times that of the earth, while its masa 
is 300 times that of the earth. A man weighs (see § 35) 12 stones on the 
surface of the earth. Find his weight * on the surface of Jupiter. 

* It is here required to find what mow is attracted by the earth at its 
surface with the force with which Jupiter attracts a mass of 12 stones at 
its surface. 
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35. Mass and Weight. — It has been pointed out that an 
imperial pound, a kilogramme and their sub-divisions are, 
properly speaking, standards, not of weighif but of mass. 

In an ordinary balance or pair of scales (see § 61), the 
substance to be '' weighed" is placed in one scale and the 
standard mass in the other. The balance shows when the 
weights are equal If m and m' represent the masses, w 
and vf the weights, we have 

w = mg, w'= m'g 
and since w — vf 

:. m ^ m' 

or the mass of the substance is the same as that of the 
standard. 

Thus when we speak of the weight of a substance being 
so many pounds, we mean that its mass as ascertained by 
common ''weighing" is so many pounds. This is quite 
independent of the value of g, and the same result will 
therefore be obtained if the substance be weighed at the 
top of a hill or at the bottom of a coal-mine. 

A spring-balance^ on the other hand, measures the weight 
of a body, and a spring balance, graduated correctly for a 
certain place, will give wrong readings when used in a 
different latitude. A spring balance may be used to 
measure other forces besides that of gravity, and it has thus 
become common to speak of a force of one pound, &a, 
where what is meant is a force equal to the weight of one 
pound. 

Example — 

A spring balance graduated in London is used at the equator. 
Find the error in weighing out one pound. 

The weight of a ponud at the equator is 32 units of force, but 
the weight in London is 32*2. It will thus require more than 
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a pound at the equator to draw out the spring as far as it was 

2 1 

drawn by one pound in London, the excess being — — or of 

a pound. 

Examjphfof Exerdse — 

A spring balance graduated at the equator is used in London. 
Find the error in weighing out one pound. 

36. Falling Bodies. — ^We are now able to investigate the 
motion of bodies falling under the action of gravity. 

The earth attracts a mass m, with a force mg, and there- 
fore, as is shown in § 34, causes a uniform acceleration g 
in the direction of motion. This is the case discussed in 
§ 22; substitute g for a in equations (9), (10), and (11), 
and we obtain — 

v=F-¥gt (16) 

s=r< + J(/<2 (17) 

i)^=J^ + 2gs (18) 

the equations of motion of a falling body, with an initial 
velocity F, downwards. If the body fall from rest, 7"=^ 0, 
and the equations become — 

v^gt ^ 

s^hgf y (19) 

v^ = 2gs ) 

Examples — 

1. A majss of 6 lbs. falls from rest. How far will it fall in 
10 seconds, and what will be its momentum after that time ? 

By (19) s = igfi, 

= ^ X 32-2 X 100 » 1610 feet. 
Alao v:=gt, 

^ 32*2 X 10 » 322. 
. •. its momentum mt; = 6 x 322 = 1932. 
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2. A stone is thrown down a well with velocity 60. If it 
reach the bottom in 2 seconds, how deep is the well ? 

By (17) « = FU + J5f^, 

» 50x2 + ix32*2x4 - 164'4 feet 

3. A body falls from rest In what time will it fall 100 feet 1 

By (19)- * = i5^, 

, 2« 200 . , 

r= — =—---= 6*21 approxmiately. 
- g 32-2 ^^ ^ 

t ^ V6'21 = 2*5 seconds, approximately. 

Ilxamplesfor Exercise — 

1. A stone weighing 4 lbs. is dropped from a baloon at rest, 
and reaches the earth after 18 seconds. Find the momentum 
with which it strikes the earth, and the height of the balloon. 

2. With what momentum must a bullet of 2 ounces weight be 
propelled downwards in order that it may fall 1000 feet in two 
seconds? 

3. A well is 559 feet deep. Find approximately the time 
which will elapse between dropping a stone into the well and hear- 
ing the sound of the splash. (Take the velocity of sound as 1118). 

37. Bodies thrown up. — If a body be thrown vertically 
upwards, gravity causes a uniform acceleration opposite to 
the direction of motion, the case discussed in § 23. Substi- 
tuting g for a in equations (12) we obtain — 

v=V-gt 

(20) 

Example — 

A ball is thrown vertically upwards with velocity 50. Find 
how high it will rise, and when, and with what velocity, it will 
return to the ground? 

We observe that as the ball rises the velocity v gradually 
diminishes, and that at the instant of the ball's reaching its 
highest point it has no velocity at all, or — 

i; = 0. 
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At this instant % has reached its maximiiini value. After this 
instant the velocity is downwards or i; is negative, and 9 gradu- 
ally decreases until the ball again reaches the ground, when — 

« = 0. 

(1.) To find how high the ball will rise. 
At the highest point 2; = 0, and therefore by the third 
equation of (20) — 

7^-2^5 = 0, 

72 2500 ^ , . , 

••• - ^ -ii:i= 38-7 feet, approxnnately. 

(2.) To find when the ball will return to the ground. 
At this instant « = 0, and therefore by the second equation 
of (20)— 

Vt - igt^ = 0. 

.-. V - igt =0. 

.-. V =igt. 

2F 100 , . , 

t = — = = 3'1 seconds, approximately. 

a 32-2 ' ^^ ^ 

(3.) To find the velocity with which the ball reaches the 
ground. As before « = 0, and therefore by the third equation 
of (20)— 

... V =±F. 

Since the direction is opposite to that of projection, the 
answer is — 

Thus the ball returns to the ground in the same time that it 
took to rise to its highest position, and reaches the ground with 
the same velocity as that with which it was thrown up. 



Example for JEzercisi 

With what velocity must a body be thrown vertically upwards 
that it may remain in the air for 4 seconds, and how high will it 
be at the end of each second ? 
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38,80 




38. Parabolic patli of a Projectile. — ^When a body is pro- 
jected in any direction other than vertical, its position at 
any moment is found by considering its velocity as resolved 
in two directions, vertical and 

horizontal. Its vertical velocity 

is altered by gravity in the 

manner described in the last two 

paragraphs, but its horizontal 

velocity remains constant, as the 

body is not acted on by any horizontal force. Combining 

these results, it may be proved* that the body describes a 

parabola, the curve represented in the figure. 

39. The Oomposition of Forces. — It follows from the 
second law of motion that, when any number of forces act 
simultaneously on a particle, each of them produces the 
same acceleration that it would have produced if it had 
iUited singly on the particle at rest. The resultant acceler- 
ation is therefore the resultant of these accelerations. 

A force which, acting singly, would have produced this 
acceleration in the particle is called the Resultant Force, 
and the several forces are called Components. 

Parallelogram of Forces. — If two forces acting simultaneously 
on a particle he represented by adjacent sides of a parallelogram, 
the resultant force is represented by the diagonal passing through 
their intersection. 

Proof — Let AB, AD represent two forces acting simul- 
taneously on a particle at A Then 
since forces are measured by the 
momenta they produce in unit of 
time, AB and AD are proportional 
to the momenta, and therefore to 
the accelerations, which these forces 
acting separately would produce in the particle at A. 




* See Appendix. 
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But by the parallelogram of accelerations, if AB and AD 
are the component accelerations, AC is the resultant acceler- 
ation, and therefore AC represents the resultant force. 

In the same manner, by substituting 'force' for 'velocity,' 
all the propositions regarding the composition and resolu- 
tion of velocities, proved in §§ 13, 14, 15, 16, 17 and 18, 
are proved to be equally true of forces. 

Examples — 

1. Forces which are represented in magnitude and position by 
all but one of the sides of a polygon taken in order act simul- 
taneously on a particle ; find their resultant. 

Smce the sides of the polygon represent the forces, they also 
represent the accelerations which the forces would be in acting 
separately. By § 14 the resultant of these accelerations is the 
remaining side taken in the opposite direction. The resultant 
force is therefore also represented by that side. 

2. Forces 5 and 12 act on a particle at right angles, find their 
resultant. 

Let /be the resultant force. Then applying § 15 to forces we 
have — 

/2 = 52+ 122 = 25 + 144 = 169, 

.•./=13. 

Examples for Exercise — 

1. Prove that if three forces are represented by three sides 
of a triangle taken in order, they will produce equilibrium. 

2. Find the resultant of forces 3^ and 4 at an angle of 60^. 

3. A vertical force is equal to 12. Find its component along 
a line which makes an angle of 30° with the horizon. 

Examination on Sections 30 — 39. 

1. What is the British unit of mass ? 

2. Define momentum. 

3. Enunciate the second law of motion. 

46 



THE THIRD LAW OF MOTION 40, 41 

4. Show that if different forces are applied to equal maases 
the accelerations generated are proportional to the forces. 

5. How is mass measured ? 

6. Give the law of universal gravitation. What is the average 
acceleration caused by gravity in the British Islands ? 

7. Show that a pair of scales determines the mass, and a spring 
balance determines the weight, of a body. 

8. Find the equations of motion of a body falling from rest 
under the action of gravity. 

9. If a body is thrown up with velocity V^ show that its 
velocity after t seconds is F - ^, and that its distance from the 
ground at the same time hAVt - \gf^, 

10. What is meant by the resultant of any number of forces ? 

11. Assuming the parallelogram of accelerations, prove the 
parallelogram of forces. 

40. The Third Law of Motion. — To every action (here is 
always an equal and corUrary reaction. 

When one body presses another, it is pressed by that 
other with an equal force in the opposite direction. A stone 
resting on a table causes pressure on the table in consequence 
of its weight, but the table exerts an equal and opposite 
pressure on the stone, and this pressure, acting on the stone, 
bsJances the force of gravity, and the stone remains at rest 
relatively to the table. 

Again, when one body attracts another, it is attracted by 
that other with equal force in the opposite direction. Thus 
the moon exercises on the earth the same attraction that 
the earth exercises on the moon, but in the opposite direction. 

41. SecoiL — ^The third law of motion enables us to in- 
vestigate the recoil of a gun when a projectile leaves it. 
Since action and reaction are equal and opposite, the mo- 
mentum acquired by the gun is equal and opposite to that 
acquired by the projectile, or, if if, m be their masses, and 
F, V their initial velocities, 

MV^-mv (21) 
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Exampli 

A gun weighing 100 tons discharges a shot weighing 1000 lbs. 
If the initial velocity of the shot be 1250, find that of the recoil 
of the gun. 

^ ,^ V ^ ^'0 1000X1250 

From (21) F= — =>= - ,^ ^ ,,^ = -5yVT 
^ ' M 100x20x112 ^^^ 

The minua sign shows that the direction of the motion of the 
gun is opposite to that of the bullet 

Example for Exercise — 

A bullet weighing 2 ounces is discharged from a rifle weighing 
10 lbs., and the initial velocity of the recoil is observed to be 14, 
find the velocity with which the bullet leaves the rifle. 

42. Work. — A force does work when the body on which U 
acts moves in the directum of the force. Thus when a stone 
falls vertically downwards, gravity does work. 

When a stone slides or rolls down a hill, its velocity may 
be resolved into two components, a horizontal and a vertical. 
The vertical component is in the direction of gravity, and 
therefore gravity does work in this case also. 

When a body is raised, it is acted on by a force equal 
and opposite to that of gravity. This force does work, and 
the work done is said to be done against gravity. 

The work done by a imiform force acting on a body is measured 
by the jproduct of the force and the distance through tohich the 
body moves in the direction of the force. 

The scientific unit of work is that done by unit force 
acting through unit space. 

The unit practically used in this country is the foot-pound, 
or the work required to raise a mass of one pound through 
one foot against gravity. As was shown in § 34, the weight 
one pound is equal to g units of force, and hence a foot- 
pound is equal to g scientific units of work Thus a foot- 
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pound at London is not the same as a foot-pound in 
Edinburgh. 

The raJtt at which work is done by an agent is measured by 
the quantity of work done in unit of time. 

The rate at which an agent works when doing 550 foot- 
pounds of work per second, is the unit practically used by 
engineers, and is called a horse-fower. 

Examples — 

1. A mass of 4 pounds is allowed to slide down an inclined 
plane whose height is three feet. Express in foot-pounds the 
work done by gravity. 

Since gravity acts vertically downwards, we must multiply the 
weight of the body in pounds by the distance which the body 
moves vertically downwards. The work done is therefore 12 
foot-pounds. 

Similarly if the mass be drawn up the plane 12 foot-pounds 
of work will be done against gravity. 

2. How many scientific units of work are done in one second 
by an engine of one horse-power ? 

550 foot-pounds are done in 1 second. 
. \ 650g scientific units of work are done in 1 second. 
Thus the number bbOg represents the rate of doing work, or, 
as it is sometimes called, the power of the engine. 

Examples for Exercise — 

1. How much work is done against gravity by a man who 
weighs 14 stones, in climbing a mountain 3000 feet high 1 

2. An engine of four horse-power is employed to raise a weight 
of one ton. How high will it raise it in five minutes ? 

43. I»n.eTgy.—EifBRQr is capacity of doing work. It is of 
two kinds. Kinetic and Potential. 

Kinetic Energy is the capacity which a moving body has 
of doing work in virtue of its motion.* 

* See Appendix, Kinetic Energy. 
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I^ on the other hand, a body is constiained to move 
against a force, the work done takes the form of Poteniial 
Energy* 

Thus, a mass requires work to raise it to a height, but 
the raised mass is a store of energy which can be made 
use of at pleasure. 

Bodies have, therefore, Potential Energy in virtue of 
their position with regard to other bodies which exert 
force on them. 

44. ConserFation of Energy. — ^The third law of motion 
has a second interpretation. It applies to energy as well 
as to momentum. This was pointed out by Newton, as has 
been shown by Thomson & Tait (Natwral Philosophy, § 269). 

The principle of the Conservation of Energy asserts that 
the amount of energy in the universe is constant, that it 
may be transmitted from one body to another, or trans- 
formed from one species to another, but can neither be 
increased nor diminished in quantity. 

Besides energy of visible motion, Heat, Light, Sound, 
and Current Electricity are all recognised as forms of 
Kinetic Energy. Gravity, Chemical Attraction, Electric 
and Magnetic Attraction depend on Potential Energy. 

The behaviour of a common pendulum illustrates the 
principle of Conservation of Energy. When the pendulum 
is in the middle of its swing, it possesses a certain amount 
of kinetic energy. As it approaches its turning point its 
energy of motion gradually diminishes, and finally disap- 
pears ; but the bob of the pendulum has been raised a small 
distance against the force of gravity, and has thus acquired 
a certain amount of potential energy, which is in its turn 
reconverted into kinetic energy. These quantities of 

* This is only true in the case of forces which act equally and in the 
same direction, if the motion of the body be reversed. Thus it is true if 
the force be gravity, but not true if the force be friction. 
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potential and kinetic energy would be an exact equivalent 
for each other^ and the pendulum would continue to swing 
through equal distances for ever, were it not that during 
each swing a certain amount of the energy is required to 
set the air in motion, and to overcome friction. Thus the 
energy of the pendulum is gradually transmitted to the air 
around, and in course of time is all transformed into that 
form of kinetic energy which we call heat. 

Examination on Sbctions 40—44. 

1. Give Newton's third law of motion. 

2. Show how the third law of motion applies to a book resting 
on a table, and to a horse pulling a canal-boat. 

3. Given the majss of a gun, a projectile, and the initial velo- 
city with which the gun recoils, find the initial velocity of the 
projectile. 

4. When is a force said to do work % How is work measured ? 

5. How is rcAe of doing work measured ? What is a horse- 
power] 

6. Define energy. What are the two kinds of energy 1 

7. Explain what is meant by Conservation of Energy. 

8. Illustrate the principle of Conservation of Energy by means 
of (1), the swinging of a pendulum ; (2), a stone thrown on to 
the roof of a house. 

9. Name several forms of energy, and give instances of trans- 
formation of energy from one form to another. 

General Examples in Kinetics. 

1. Find the momentum of each of the following systems : — 
(1). Masses of 4, 7, and 10 pounds moving in the same di- 
rection, with velocities 12, 10, and 6 respectively. 

(2). A mass of 10 pounds, with velocity 6, and a mass of 12 
pounds moving in the opposite direction with velo- 
city 5. 

2. A mass of 30 pounds has a velocity of 100 in a direction 
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• 

making an angle of 60^ with the horizon. Find its horizontal 
momentum. 

3. How long must gravity act on a falling body to give it a 
velocity of 161 ? 

4. How much work is done against gravity by a man of 12 
stones in climbing a mountain 4000 feet high ? 

5. How much work is done by the same man in walking a mile 
along a level road ? 

6. In Attwood's machine the weight of one ounce is employed 
to move a mass of two pounds. Find the velocity of the mass 
after one second. 

7. How far will a stone fall from rest in 5 seconds, and what 
velocity will it have at the end of that time ? 

8. A rifle ball is discharged horizontally from a position 1000 
feet above the level of the sea, what will be its height 4 seconds 
after the discharge ? 

9. How long will a body falling from rest take to acquire a 
velocity of 80 feet per second ? 

10. How far will a body fall from rest in 3^ seconds % 

11. A stone dropped from the top of a cliff is observed to reach 
the bottom in 6^ seconds. Find the height. 

12. A body, which has fallen from rest, reaches the ground 
with a velocity of 1127 feet ; find how long the body has been 
falling, and the distance it has travelled. 

13. A mass of 10 lbs., resting without friction on a horizontal 
table, has a constantly acting horizontal force of 2 lbs. (see § 35) 
applied to it, what will be the velocity after 1 second % 

14. With what velocity must a ball be thrown up, in order to 
return to the hand after the lapse of 1 second ? 

15. A body is projected upwards with a velocity of 161 feet 
per second, how high will it rise I 

16. A stone thrown vertically upwards strikes the ground after 
an interval of 10 seconds, with what velocity was it projected, 
and to what height did it rise % 

17. A body is projected vertically upwards with a velocity of 
80 feet. Where will it be after 2, 4, 6 seconds respectively ? 

18. A body is thrown upwards with a velocity of 250. Find 
its velocity after 7 seconds. 
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19. (1.) An arrow is shot vertically upwards with a velocity of 

100 feet in a second. How long will it be before it 
reaches the ground again ? 
(2.) Another arrow, half the mass of the former, is shot 
vertically upwards with the same momentum. How 
long will it be before it reaches the ground ? 

20. A projectUe is discharged in a slanting direction upwards. 
If there had been no gravity it would have reached an altitude 
of 1000 feet above the earth's surface at the end of one second. 
Find its actual altitude at that moment. 

21. Let AB and AC represent in magnitude and direction two 
equal forces acting at A, the angle between their directions being 
60^. Draw a line which shall represent in direction and magni- 
tude a force in equilibrium with these forces ; and state the angle 
which its direction makes with AB. 

22. Find the resultant of the following forces : — 5 northwards, 
6 eastwards, 1 westwards, and 2 southwards. 

23. Two forces, in magnitude 3 and 4, act at the same point in 
directions at right angles to each other. Draw their resultant 
and find its magnitude. 

24. If a particle be ui^ed towards the eajst with a force of 10 
lbs., and towards the north with an equal force, what is the 
joint effect of the force, and in what direction will the particle be 
urged? 

25. A body is pushed simidtaneously by a force of 3 lbs. act- 
ing from east to west, a force of 4 lbs. acting from north to south, 
and a force of 12 lbs. acting vertically downwards. What is the 
resultant force that acts upon the body ? 

26. A gun weighing 8 lbs. avoirdupois (see § 35) discharges a 
one-ounce ball with the velocity of 1000 feet per second. What 
will be the velocity of recoil of the gun ? 

27. A shot weighing 30 lbs. is fired from a gun weighing 3 
tons, and leaves the gun with a velocity of 1120 feet per second. 
Find the velocity of the gun's recoil. 

28. A shell bursts into two fragments, whose weights are 12 
and 20 pounds. The former travels onwards with a velocity 
of 700, and the latter with a velocity of 380. What was the 
momentum of the shell when the explosion took place % 
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29. A shell weighing 20 lbs. explodes when in motion with a 
velocity of 600 ; at the moment of explosion one-third of the 
shell is reduced to rest. Find the momentum of the other two- 
thirds. 

30. A shell in motion, with a velocity of 80 feet per second, 
bursts into two equal pieces. If one of them continue its path 
with a velocity of 120 feet, what will be the motion of the other 1 

31. A force of 97 lbs. is resolved into two component forces at 
right angles. If one component is 65 lbs., find the other. 

32. Find the magnitude of the resultant of two forces of 13 
and 35 lbs. when the angle between their directions is 60^ 

33. Find the velocity which a heavy body will acquire by 
falling freely through a height of 3^ feet. 

34. Two forces act at right angles, find their resultant when 
their values are — 

(1) 48 and 55. 

(2) a and h, 

(3) a^ - l^ and 2a&. 

35. A body is projected with a velocity of 10 feet per second, 
and is brought to rest by a uniform force after passing over 10 
feet in a straight line. Find the magnitude of the force. 

36. Two forces act on a particle. When their direction is such 
that their resultant is greatest, their resultant is 12 ; when their 
resultant is least, it is 6. Find the forces. 

37. E is the resultant of two forces P and Q. If B be at right 
angles to P and equal to half Q, find the angle at which P and Q 
act. 

38. The resultant of two forces is represented by the diameter 
of a circle. If one force be represented by a chord through one 
extremity of the diameter, prove that the other force will be re- 
presented by the chord drawn through the same extremity at 
right angles to the first chord. 

39. How far must a body fall to acquire a velocity of one foot 
per second, and how long will it take to acquire that velocity ? 
(To simplify the work let ^ = 32, as at the equator.) 

40. Find the average velocity and the space described by a 
body which, thrown vertically upwards, returns to its starting- 
place in 10 seconds {g » 32). 
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41. Find the angle between two forces of 3 and 5 lbs., so that 
they may be kept in equilibrium by a force of 7 lbs. 

42. Find the horse-power of an engine which can raise 15,000 
gallons of water per hour from the bottom of a shaft 1100 feet 
deep, assuming that a gallon of water weighs 10 lbs. 

43. If a train is moving uniformly, what may you infer with 
respect to the relation between the driving-power and the resist- 
ance. 

44. A string is hung over a pulley with masses of 3 and 4 lbs. 
at each end. How much work is done by gravity when the mass 
of 4 lbs. is allowed to descend a foot ? 

45. A force equal to the weight of one ounce acts on a pound 
weight for 10 seconds. Find the velocity generated and the 
space through which the weight will be moved in the 10 seconds, 
supposing it to start from rest at the beginning of the time. 



CHAPTER IV 
STATICS 

45. Eauilibrinm of a Particle. 

When any number of forces acting on a body exactly 
balance or neutralise each other, the forces are said to be 
in equUihrivm with each other. 

The body is also said to be in equilibrium under the 
action of the forces (see § 56). 

Two Forces. Two equal and opposUe forces a^ing on a 
jpartide, are in equilibrium. 

By the second law of motion (see § 31), the two forces 
give the particle two equal and opposite accelerations, and 
therefore its velocity is unchanged (§ 11, 21). 

Three Forces. Three forc^, acting on a partidey which are 
represented by {he three sides of a triangle taken in order ^ wre 
in equilibrium^ 

By the second law of motion the three forces give the 
particle three accelerations, which are represented by the 
sides of the same triangle taken in order, and therefore its 
velocity is unchanged (§§ 13, 21). 

This proposition has two important converse propositions, 
which we proceed to prove. 

(i) If three forces, acting on a partkle, are in equilibrium, 
they may be represented by three sides of a triangle taken in 
order. 

For, if lines representing two of the forces be placed so 
as to form two sides of a triangle taken in order, and the 
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triangle be completed, the third side of the triangle must, 
by the preceding proposition, represent a force in eqmli- 
briom with the first two. It must therefore represent the 
third force. 

(ii) If three forces^ acting on a particle, are in equilibrium^ 
and if their directions are those of the sides of a triangle taken 
in order, then, if one of the sides of the triangle he taken to 
represent the force to which it is parallel, the other sides toiU, on 
the same scale, represent the other forces. 

Let the forces P, Q and E be in equilibrium, and let the 
sides of the triangle ABC be parallel to their directions. 
Then if AB be taken to represent P, BC will represent Q, 
and GA will represent E, on the same scale. 

For, if BC does not represent Q, let BD represent it. 








Join AD. Because ABD is a triangle, the force repre- 
sented by DA will be in equilibrium with those represented 
by AB and BD. Therefore DA will represent R But 
this is impossible, since CA is parallel to the direction 
ofE. 

Therefore BC represents Q. 

Similarly CA represents R 

Any number of Forces. — If any nvmber of forces, acting 
on a particle, he represented in magnitude and directum hy the 
sides of a polygon taken in order, then by the polygon of 
accelerations (§§ 14, 21) the velocity of the particle is 
unchanged, and therefore the forces are in equilihrium. 
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Examples — 

1. Forces of 6, 8, and 10 acting on a particle are in equili- 
brium, prove that the directions of the first two form a right 
angle. 

Since the three forces are in equilibriumy a triangle can be 
formed whose sides represent the forces in magnitude and direc- 
tion. The sides of this triangle will therefore be 6, 8, and 10. 

But 102 = 100 = 64 + 36 = 8« + ^2, 

. *. the triangle is right angled (Euclid I. 48). 
. *. the forces 6 and 8 act at right angles. 

2. Three forces, acting on a particle, are in equilibrium, prove 
that their lines of action are in one plane. 

As before, a triangle can be formed whose sides represent 
the forces in magnitude and direction. 

. *. the three forces are in a plane parallel to the plane of the 
triangle. 

8. A mass of 8 Ihs. hangs hy a chain 20 feet long, and is pulled out 
^ by a horizontal force to a distance of 12 feet from the 
^ vertical through the point of support. Find the ten- 
sion of the chain. 

Let AB be the chain. Draw AC yertically down- 
wards, and from B draw BC at right angles to AC. 
Then AB « 20, BC - 12, and ABC is a right angled 
triangle. 

.-. ACa - ABS - BCa - 256. 
I ^ r .*. AC = 16. 

The mass at B may be considered as a particle. It 
is in equilibrium under the action of three forces. These forces are the 
tension of the string acting in the direction BA, the weight, which acts 
yertically downwards, and the horizontal force. They are in the direction 
of the sides of the triangle BAC taken in order. If we take AC to repre- 
sent the weight, CB will represent the horizontal force, and BA the 
tension of the string. 

Thus a line of 16 feet represents a force»the weight of 8 lbs. 
„ 2 feet „ „ = „ lib. 

„ 20 feet „ „ - „ 10 lbs. 

But AB, which represents the tension of the chain, is 20 feet, and there- 
fore the tension is the same as if the chain himg vertically downwards, 
and supported a weight of 10 lbs. 
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EocamplesfoT Exercise — 

1. Three equal forces are in equilibrium, find the angles be- 
tween theuL 

2. A mass of 100 lbs. is suspended by two strings, each of 
which makes an angle of 30^ with the horizon. Find the tension 
of each string. 

3. Show that, if three forces acting at a point are in equili- 
brium, any two of these forces are together greater than the 
third. 

46. Experimental verification of the Parallelogram and 
Triangle of Forces. — The laws which regulate the equili- 
brium of three forces may be verified in the following way. 
Three masses, P, Q and E, are at- 
tached by three strings knotted toge- 
ther at O. Two of the strings, OP 
and OQ, are placed over two pulleys 
M and N, and the third string, OR, 
is allowed to hang vertically down- 
wards. If the weights are such that 
equilibrium is possible,* the system B 

wiU come to rest in some such posi- 
tion as that shown in the figure. 

The effect of the pulleys at M and N is simply to change 
the direction of the strings without altering their tensions 
(§ 65). We have therefore three forces in equilibrium act- 
ing at 0, namely, the weights of P and Q, in the directions 
OM and ON, and the weight of R iti the direction OR 

Mark off, on OM and ON, lengths OA and OB, to repre- 
sent the weights of P and Q. Complete the parallelogram 
OACB. Then 00 is the resultant of OA and OB. It 
will be found that 00 is vertical, and that its length repre- 
sents the weight of R on the same scale as that on which 

* See last example for exercise aboye. 
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OA and OB represent those of P and Q. Thus the paral- 
lelogram of forces is experimentally verified. 

We also observe that, in the triangle OAC, OA, AC, 
and GO represent the three forces in magnitude and direc- 
tion, and thus the triangle of forces is also experimentally 
verified. 

47. A Rigid Body. — A Rigid Body is a collection of 
material particles so united that their relative positions do not 
charufe. 

No body is perfectly rigid, but all solids are approxi- 
mately rigid, when the forces which act on them are not 
too great. 

48. Eqnilibrinm of a Rigid Body. 

Two Forcea. — Two equal forces^ acting on a rigid body in 
opposite directions along the same straight line, are in equili- 
brium. 

Let P act at A and Q at B in opposite directions along 





the straight line AB. The force P tends to move the par- 
ticle at A, and to move with it the whole mass of the body. 
The force Q tends to move the particle at B in the opposite 
direction, and along with it the whole mass of the body. 
But owing to the rigid connection of A and B these two 
forces neutralise each other, and equilibrium is maintained. 

This fact may be verified by experiment. 

If P act at A in the direction AB, then it is neutralised 
by the equal and opposite force Q, at whatever point in the 
line AB, Q is supposed to act. Hence, if at B two equal 
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and opposite forces, each equal to P and in the direction of 
the line AB be applied, one of these forces neutralises P, 
and the other acting at B is equivalent to P at A. (This is 
often called the principle of the transmission of force,) 

Since the two forces P and Q are in equilibrium, if any 
number of forces act on a body, we may suppose such a pair 
of forces as P and Q to act along with them, and the result 
will be unaltered. 

Forces whose Lines meet. — If the lines of action of two 
or more forces meet in a point, we may 
suppose the forces to act at that point, 
and the conditions of equilibrium are 
the same as those already investigated 
for a particle. 

When the directions of the forces do 
not all pass through a point, the problem is more compli- 
cated, and the only case of this kind, which will be considered 
in this treatise, is that of parallel forces. 

49. Resultant of Two Parallel Forces. — ^Let P and Q 
be two parallel 
forces acting on a 
body, and let A 
and B be two 
points in their 
lines .of action. 
Join AB. At A 
and B apply two 
equal and opposite 
forces S and T, 
acting in opposite directions along AB. Then by § 48 the 
effect of P and Q wiQ be unaltered. Thus the four forces 
P, Q, S, and T are equivalent to the two forces P and Q. 
Let P' be the resultant of S and P, and let Q' be the re- 
el 
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fiultant of Q and T, and let the directions of P' and Q' meet 
in ; P', and Q' may be considered as acting at 0. 

From draw OC parallel to the direction of P and Q, 
and meeting AB in G. 

Substitute for P' at the equivalent forces P and S, and 

for Q' the equivalent 
forces Q and T. 

Then S and T be- 
ing equal and opposite, 
may be removed, and 
there remain P and Q 
acting in the direction 
00. 

Oall this resultant 
E, then — 

E = P + Q .... (22) 

and acts at 0, in a direction parallel to that of P and Q. 
To find the position of 0. 
The three forces P, P', and S are parallel to the sides of 

« 

the triangle OAO. If, for a moment, we consider 00 to 
represent P, AO will, on the same scale, represent S. 

OOP 

• AO ~ S 

Multiplying both sides of this equation by S x AO, we 
obtain — 

SxOO = PxAO (i) 

Also the three forces Q', Q, and T are parallel to the 
sides of the triangle OOB. If, therefore, 00 represent Q, 
BO will represent T. 

, 00 Q 

• OB T 
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Multiplying both sides by T x BC we obtain — 

TxOC = QxBC (ii) 

Combining the equations (i) and (ii), and remembering 
that S = T, and therefore S x OC = T x 00, we obtain the 
equation — 

PxAO = QxBO (23) 

If we divide both sides of this equation by Q x AO, it 
takes the form — 

Z=^ (24) 

Q AO ^ ^ 

We see from this equation that the forces P and Q are in- 
versely proportional to their distances from 0. 

Examvples — 

1. Parallel forces 5 and 3 act at two points 8 inches apart. 
Find their resultant and its point of application. 

Let P and Q be the forces, A and B their points of application. 

.-.By (22) R=P+Q=8. 

By (23) PxAC=QxBC. 

. Let AC=;r inches, then BC=8 -.r inches ; substituting these 
values for P and Q, equation (23) becomes — 

5^=3 (8-^), 
or 507=24- 3^. 

/. 8^=24. 

Thus the resultant force is 8, and acts at a point C, 3 inches 
from A along AB. 

2. P and Q are equal parallel forces, find their resultant and 
its point of application. 

By (22) R=P4-Q=2P. 

By (23) PxAC^QxBC, 

but P=Q, 

.-. AC=BC=4 AB. 
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Ezarrvples for Exercise — 

1. Weights of 5 and 7 lb& are hung at the extremities 
of a rod 2 feet long. Find their resultant and its point of 
application. 

2. Forces of 3 and 9 lbs. (see § 36) act in parallel directions at 
two points 20 inches apart. Find their resultant and its point 
of application. 

3. Three forces in one plane are in equilibrium. Show that 
they must either be parallel forces, or forces whose directions 
meet in a point. 

50. Eanilibrinm of Three Parallel Forces. — Since in the 

figure of § 49, R, acting at C, is the 

/ resultant of the parallel forces P and 

j^ L 3 Q, if we apply at C a force equal and 

y- ._ Qpp^gj^ ^ j^^ j|. y^ ]^ ^ equilibrium 

Q with P and Q. 
^ ^ Thus the three forces, P, Q, and R, 

in the adjoining figure, are in equilibrium. 

Since any one of these three forces is equal and opposite 
to the resultant of the other two, we may apply the equa- 
tions of § 49 to find the resultant of parsJlel forces acting 
in apposUe directions. The following examples will serve to 
explain how this is done. 

Examples — 

1. P and It are parallel forces of 3 and 4 lbs. acting in opposite 
directions at two points, A and C, 3 inches apart. Find a third 
force which will produce equilibrium. 

Let Q be the third force, and B its point of application. 

Then by (22) R=P+Q. 

.•.Q=R-P=4-3=1. 
Also by (23) PxAC=QxBC. 
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Let BCs^, and sabetitate their values for P, Q and AC. 
This equation becomes — 

3x3sl x^, 
Or jF-«9. 

Thus Q is a force of 1 lb., acting parallel to P at a point B, 
9 inches from C, in AC produced. 

The resultant of P and B is therefore a force of 1 lb. acting at 
B in the direction of the greater force B. 

2. Find the ;re8ultant of two opposite parallel forces 7 and 4, 
acting at two points 6 inches apart. 

As before, let P=4, B=7, AC=6, BC=jir. 
Then by (22) Q=B-P=3. 

And by (23) PxAC-QxBC. 

Or 4x6=3a?. - /. ;r=8. 

The resultant is therefore a force 3, acting in the direction of 
the greater force B at a point 8 inches from C in AC produced. 

Hxamplesfor Exercise — 

1. Two parallel forces, 7 and 10, act in opposite directions at 
points 6 inches apart Find a third force which will be in equi- 
librium with them. 

2. Parallel forces, 5 and 2, act in opposite directions at a dis- 
tance of 1 foot. Find their resultant. 

Examination on Sections 45 — 50. 

1. What is the condition that two forces acting on a particle 
are in equilibrium ? 

2. Prove that three forces, which are represented in magnitude 
and direction by the three sides of a triangle taken in order, are 
in equilibrium. 

3. Prove that, if the sides of a triangle, taken in order, are 
parallel to the directions of three forces in equilibrium, they may 
be taken to represent these forces in magnitude and direction. 

4. Enunciate the condition that any number of forces acting 
x)n a particle are in equilibrium. 



51 STATICS 



5. Describe an experiment by means of which the parallelogram 
of forces may be verified. 

6. Define a rigid body. 

7. What is the condition that two forces, acting on a rigid 
body, are in equilibrium] Deduce the principle of the trans- 
mission of force. 

8. Any two parallel forces P and Q act on a body. Find the 
direction and magnitude of their resultant. 

9. Prove that the resultant of two parallel forces acts at a point 
dividing the distance between their points of application inversely 
as the forces. 

10. Three paraUel forces, P, Q, and E, acting on a rigid body 
at three points. A, B, and C, in the same straight line, are in 
equilibrium ; prove that if R be the greatest force — 

(1)R=P + Q. 

(2) E acts in a direction opposite to that of P and Q. 

(3) P X AC=Q X BC. 

51. Eesultant of more than Two Parallel Force& — Let 
2 P, Q, and E be three parallel 

5^^--— ""^g forces acting on a rigid body at 



A - 



1 



£ 



T+Q 



• — 5. the points A, B, and C. 

\ The resultant of P at A, and Q 
^ at B has been shown to be equal 
to P + Q, and to act at a point D 
^*^*^ in AB, taken so as to satisfy 

equation (23), which here takes the form — 

PxAD = QxBD. 

Similarly the resultant of P + Q at D and R at C is equal 
to P + Q + R acting at a point E in CD, taken so as to 
satisfy the equation — 

(P + Q)xDE = RxCE. 

Thus the resultant of P, Q, and R is a force P + Q + R 
acting at E. 
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In the same way, we may prove that the resultant of any 
number of parallel forces is equal to the sum of the forces, 
and acts at a point which may be found by the above 
method. The position of the point depends on the magni- 
tude of the forces, but is independent of the direction in 
which the forces act. 

This point is called the Qerdre of the Parallel Forces, 

52. Centre of Inertia. — If a set of parallel forces act on all 
ihe particles of a body, and if each force be proportional to the 
mass of the particle on which it ads, then the centre of these 
parallel forces is called the Centre of Mass or the Centre of 
Inertia of the body* 

The attraction of a distant star for the earth or for any 
terrestrial object forms a set of forces, which very approxi- 
mately fulfils the condition of the above definition. 

The earth's attraction for any object also approximately 
forms such a set of forces, especially when the object is 
small or at a considerable distance. 

It follows, that the resultant of the weights of the 
different particles of a body either passes through, or very 
near to, its centre of inertia, and on this account it is 
common, though not strictly accurate, to call the centre of 
m^x^^^cmtreofgravUy. 

In the next two sections, we assume that the bodies 
spoken of are so small that the directions of the weights of 
their various parts may be assumed to be parallel, and that 
therefore centres of gravity exist which are identical in 
position with their centres of inertia. 

* TLe centre of mass (or inertia) may also be defined without reference 
to force. If A and B (figure § 51) are two particles, then their centre of 
mass divides AB inversely as their masses. To find the centre of mass of 
a system of particles we substitute for A and B the sum of their masses 
at their centre of mass, and find the centre of gravity of this particle 
along with the next particle of the system, and so on. See CUrh MaxwelVs 
Matter and Motion, Articles Iz., Izi. 
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53. Oentres of Inertia (Gravity) found geometrically. — 
A y ^ ft y L) To find the centre of graviiy of 

a imiform material strodgU line,-^ 
Let AB be a straiglit line or thin rod, composed of uni- 
formly heavy matter. Bisect AB in C. Suppose AB to be 
divided into any number of small equal portions, and let P 
and Q be two of these portions, and let GP :=* CQ. Then 
the weights of the portions P and Q are two equal 
parallel fox^es, and therefore (§ 49, Ex. 2) their resultant 
acts at C. 

In the same way we may take the other portions in pairs 
equally distant from C, and the resultant of the weights of 
each pair acts at G. 

Therefore the resultant of the weights of all the portions 
acts at G, and G is the centre of gravity of the straight 
line AB. 

(2.) To find the centre of gravity of a jmrallelogram. — ^Let 

ABCD be a parallelogram composed 

of uniformly heavy matter. Bisect y^ ^^ — 

AB in E and draw EF parallel to AD. ¥' yi- 

Suppose the whole parallelogram ^ j- 5 

divided into thin strips by lines 

drawn parallel to AB, and let PBQ be one of those strips. 

Then, since AERP and EBQB are parallelograms, PB = AE 

and BQ » EB. 

.-. PR = RQ. 

/. B is the centre of gravity of PQ. 

Similarly it can be shown that EF contains the centre of 
gravity of each strip, and that it therefore contains the 
centre of gravity of the whole parallelogram. 

Bisect AD in G and draw OH parallel to AB, meeting 
EF in 0. 

Then, as before, by drawing lines parallel to AD, we 
may divide the parallelogram into thin strips; and the 
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centre of gravity of each strip, and therefore that of the 
whole parallelogram, lies in GBL 

The centre of gravity of the parallelogram is therefore 
the point O, in which £F and GH intersect 

(3) To find the centre of gravUy of a triangle. — Let ABC be 

A. a triangle, bisect BC in D, and 

j/f\ join AD, and suppose the tri- 

fex^y \ q angle divided into thin strips by 

y^\ oZ<'^^ ^^ drawn parallel to BC. Let 

x^^O-H//^ \ PRQ be one of these strips : 

f^ D ^ V BD = DC, 

.-. A BAD « A CAD (EucKd L 38). 
Similarly A BPD = A DQC, 

/. the remaining A APD = A AQD. 
.-. PR = RQ. 

JPor if not, let PR > RQ, 

then A PAR > A RAQ,» 

and A PDR > A RDQ, 

.'. by addition A APD > A AQD. 

But the A APD has been shown to be equal to A AQD, 

/. PR is not > RQ. 
Similarly PR is not < RQ. 

And therefore PR -* RQ» 

.-. R is tte centre of gravity of PQ. 
In the same way it may be shown that AD contains the 
centre of gravity of each of the parallel strips, therefore AD 
must contain the centre of gravity of the whole triangle. 
Bisect AC in K Join BE, meeting AD in 0. By divid- 
ing the triangle into strips parallel to AC, we may prove 
exactly as above, that BE contains the centre of gravity of 

* By Euclid i. 35, any parallelogram is equal to the rectangle on the 
same base and between the same parallels, and therefore its area •« base 
X altitude. Therefore by Euclid L 41, any triangle -• \ base x altitude. 
If, therefore, two triangles haye equal altititdes, but unequal bases, the 
greater triangle is that which has the greater base. 
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the triangle. Therefore the point 0, in which AD and BE 
intersect, is the centre of gravity. 

The point is a point of trisection of each of the lines joining an 
angular point with the middle point of the opposite side. 

Join OC. 
^ V AE = EC, 

A BAE = A BCK 

Also A AOE » A EOC* 

^E .'. the remaining A AOB « A BOO. 

Again, *.• BD = DO. 

A BOD = A DOO. 
.*. BOO - 2 A BOD, 
.. A AOB = 2 A BOD, 

and these triangles are between the same parallels. 

.'. The base AO most be equal to twice OD *, or OD is the third part 
of AD. 

Similarly it may be shown that is a point of trisection of the lines 
joining B and with the middle points of the opposite sides. 

(4.) TofinA the centre ofgi-avity of a circle. — ^A circle may be 
divided into pairs of equal particles, so that each pair con- 
sists of two particles on opposite sides of the centre and 
equally distant from it. Thus, the centre of the circle is 
the centre of gravity of each pair of particles, and there- 
fore of the whole circle. In the same manner the centre of 
a sphere may be shown to be its centre of gravity. 

(5.) To find the centre of gravity of a system of bodies whose 
se'gwraie masses and centres of gravity are known, — Suppose the 
weight of each body to act at its own centrfe of gravity and 
find the centre of the set of parallel forces thus formed. 

Example — 

Three equal masses are placed at the angular points of a 
triangle, find the centre of gravity of the system. 

* As before, this foUows from the fact that any triangle « J base x 
altitude. If, therefore, one triangle be double another triangle, and have 
the same altitude, the base of the first triangle must be double the base of 
the second. 
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Let the weight of each mass be W, and let them be placed at 
the points A, B, and C, in the last figure. The weights at B 
and C are equivalent to a weight 2W at D, the middle point 
of B. 

We have thus to find the resultant of W at A and 2W at D. 
We must, therefore, divide AD at O, so that by equation 
(23)- 

W X AO = 2W X OD 
Or AO = 2 OD. 

The centre of gravity of the three masses is therefore the 
same point as the centre of gravity of the triangle. 

Example for Exercise — 




Masses of 1, 3, 9, and 3 lbs. are placed at the angles of a 
square taken in order round the figure, find the centre of gravity 
of the system. 

54* Experimental Method of finding the Centre of 
Gravity of a Body. — ^The centre of gravity of a small body 

may be found experimentally in 
the following manner. Tie a 
string to any part of the body 
and suspend the body by the 
string. The only forces which 
act on the body are the tension 
of the string, acting vertically upwards at the point of 
suspension, and the weight of the body acting vertically 
downwards at its centre of gravity. These forces must 
be equal and opposite, and therefore the centre of gravity 
must be in the vertical line through the point of sus- 
pension. 

Now let the body be hung up by any other part. As be- 
fore, the vertical line through the point of suspension will 
pass through the centre of gravity. The point where the 
two lines intersect is therefore the centre of gravity. 
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In many bodies, as for example a flat plate, the centre of 
gravity may be readily found by the method described 
above. 

Examination on Sections 51 — 54. 

1. Show how to find the resultant of three parallel forces act* 
ing in the same direction. 

2. Prove that the resultant of any number of parallel forces is 
equal to the sum of the forces and acts at a point whose position 
is independent of the direction of the forces. 

3. Explain what is meant by the centre of parallel foroes. 

4. Define the Centre of Inertia. 

5. Find the centre of gravity of a uniform material straight 
line. 

6. Show how to find the centre of gravity <^ a paral- 
lelogram. 

7. Show that the centre of gravity of a triangle lies in the 
line joining any angular point to the middle point of the opposite 
side. 

8. Find the centre of gravity of a imif orm flat circular disc. 

9. Show how to find the centre of mass of a system of bodies 
whose separate masses and centres of mass are known. 

10. Explain- a method for finding the centre of gravity of a 
small body experimentally. 

55. Sqnilibrinm of a body resting on a Snzface.— If 
a body be placed on a surface, the weight of the body 
causes a pressure on the surface. To this action there 
is, by the third law of motion, an equal and contrary 
reaction. 

If the body rest on more points than one, there will be a 
pressure and therefore a reaction at each point on which it 
rests. 

If the resultant of all the reactions be equal and oppo- 
site to the weight of the body, the body will be in 
equilibrium. 
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As an example, take the case of a three-legged table, 

resting on three legs at the points 
A, B and C. The resultant of the 
reactions at A, B and acts up- 
wards through the centre of gravity 
G, and is equal to the weight of the 
body. If, however, a heavy weight 
be placed on some point, P, outside 
the triangle formed by the three 
legs, so that the centre of gravity of 
the loaded table is removed to some point beyond the 
triangle, it is clear that the resultant of the reactions at A, 
B and G can no longer act vertically through the centre of 
gravity, and the table will consequently fall over. 

Thi^ a body placed en a surface is in equUibrivm when the 
vertical line through its cerUre of gravity passes through the area 
formed by joining its points of support. 

Example — 

A cart loaded with hay is driven along a rough road. Show 

that it is more likely to upset than an un- 
loaded cart 

Let G be the centre of gravity of the 
loaded, H that of the imloaded cart ; then 
if, as in the figure, one wheel is considerably 
higher than the other, the vertical line 
through G falls outside the base, and equi- 
librium is impossible for the loaded cart. 
Under the same circumstances the vertical line through H may, 
as in the figure, fall within the base, and the unloaded cart may 
therefore remain in equilibrium. 

Example for Exercm — 

Sketch a leaning tower and show, by reference to its centre 
of gravity, that it will fall when made to exceed a certain 
height. 
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56. Stable, Unstable, and Neutral Equilibrimn. 

(1.) Stable Eqmlibrimn. A body is said to be in stable 
eguUibrivm when, after receiving a smaU disptacement, it tends 
to return to its former position. As examples of bodies in 
stable equilibrium we may mention a rod suspended by 
a string, and a loaded sphere placed on a flat surface with 
the loaded part lowest. When either of these bodies re- 
ceives a small displacement, the centre of gravity is raised, 
and therefore gravity tends to bring the body back to its 
former position. 

(2.) Unstable Equilibrium. A body is in wnstdble equi- 
librium when, after receiving a small displacement, it tends to 
fall away from its former position. As examples of unstable 
equilibrium we may mention a rod balanced on one end, or a 
loaded sphere with the loaded part upwards. When either 
of these bodies receives a small displacement, the centre of 
gravity is lowered, and therefore gravity tends to draw 
the body away from its first position. 

(3.) Neutral Equilibrium. — A body is in nefuiral equilibrium 
when, after receiving a small displacement, it remains in the 
new position. A sphere, or a cylinder, on a flat surface is an 
example of neutral equilibrium. In this case the centre of 
gravity is neither raised nor lowered by a small displacement. 

57. The Moment of a Force about a Point. — The Moment 
of a force dbotU a point is the product of the force and theper- 
pendicfular on its line of action from the point. 

^ Let P be a force 2 acting along 

the line BC, and from A let AD be 

drawn perpendicular to BC, then, if 

P AD = 3 feet, the moment of P about 

B D ~^ » AisPxAD = 2x3 = 6. 

The moment of P about A represents the power which 

P has to turn a body about the point A, if we suppose that 

point in the body fixed. 
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It is important to notice that, in the case of parallel 
forces, the moments of the component forces about any 
point in the line of the resultant are equal, and tend to 
turn the body in opposite directions. 

B Let P and Q be the two forces, and 
\ let the line AB be drawn perpendicular 
^ to their direction. Then, if G be a 
point in the resultant^ by (23) — 
PxAC = QxBC, 
or the moments of P and Q about C are equal, and it is 
evident that they tend to turn the body in opposite direc- 
tions about C. 

Examples — 

1. ABCD is a rectangle. Forces represented by AB and AD 

_ act at A, prove that their moments about C 
^ are equal. 

Since ABC is a right angle, the moment 
of AB about C is AB x BC. It is therefore 
represented by the area of the rectangle. 
Similarly, the moment of AD about C is 
AD X CD, and is also represented by the 
rectangle. Therefore they are equal. 

2. ACB is a straight hne, AB = 10 in., and AC = 4 in. If a 
force of 10 lbs. act at C in a direction perpendicular to ACB, 
what force must act at B in order that their moments about A 
may be equal ? 

Let P and Q be the forces at B and C, then— 

P X AB = Q X AC 
Substituting their values for AB, AC and Q, this equation 

becomes — 

lOP = 10 X 4 
.-.P = 4. 

Exam'ples for Exercise — 

1. ABCD is a straight line 10 feet long, and is divided into 
three equal parts at B and C. Forces of 1, 2, 3 and 4 lbs. act at 
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A, By C and D perpendicularly to AD. Find their moments 
about A* 

2. Prove that, if two forces act at a point in a body, their 
moments about any point in their resultant are equal, and tend 
to turn the body in opposite directions. 

ExAHiNATiON ON Sbctions 55 — 57. 

1. What is the condition of equilibrium of a body resting on a 
surface? 

2. What are the three kinds of equilibrium 1 

3. Define the three kinds of equilibrium, giving examples of 
each. 

4. Define the moment of a force about a point. 

5. Prove that the moments of two parallel forces about any 
point in the line of their resultant are equal. 

General Examples in Statics. 

1. Three forces, P, Q, and B, acting at a point, are in equili- 
brium, the angle between P and Q being a right angle : — 

(1) Given P « 15 and Q « 8 ; find R. 

(2) Given P = 15 and R = 17 ; find Q. 

(3) Given the angle between Q and E = 150° and P » 5 ; 

findR. 

(4) Given the angle between Q and R =» 135<* and P » 7 ; 

find Q. 

2. Three forces P, Q, and R, acting at a point, are in equili" 
brium. If P>Q, and Q>R, prove that the angle between 
P and Q is the greatest, and that the angle between Q and R is 
the least. 

3. Two equal forces in the same plane act at an angle of 120° ; 
find a third which will maintain equilibrium. 

4. Masses of 4 and 6 lbs. are hung at either extremity of a 
light rod 15 inches long. Find at what point the rod should be 
supported. 

5. P and Q are two parallel forces acting in similar directions, 
at two points A and B. Their resultant R acts at C. Find R and 
AC in the following cases : — 

(1) P = 7 lbs., Q = 2 lbs., AB = 3 feet. 
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(S) F »« 5 lbs., Q » 6 lbs., AB - 1 foot 10 inches. 
(3) P » 15lb6.,Q- Ibfl., AB - 8 inches. 

6. P and Q are two parallel forces acting in dissimilar direc- 
tions at two points A and B. Their resultant B acts at C. Find 
B and AC in the following cases : — 

(1) P » 7 lbs., Q » 121bs.,AB « 10 inches, 

(2) P » 4 lbs., Q - 6 lbs., AB » 1 foot 

(3) P»15lba.,Q»51bs., AB»6inches. 

7. Two men, A and B, carry a body weighing 200 lbs. on a 
pole between them. If the men be 5 feet apart, and the body 
be 2 feet from A, what part of the weight will be borne by each? 

8. A weU-balanced dog-cart, loaded with 9 cwt, is found on a 
level road to exert a pressure of 7 lbs, on the horse's back. If the 
horizontal distance between the pad and the axle be 6 feet, find 
liow far before the axle the centre of gravity of the loaded dog- 
cart is. 

9. Three uniform rods form three sides of a square, find the 
centre of gravity of the whole. 

10. A uniform rod, 2 feet long, and weighing 5 lbs., has a 
wei^t of 1 lb. placed at one extremity. Find the centre of 
gravity of the whole. 

11. ABC is a straight line, AB = 5 inches, BC » 3 inches. 
Weights of 3, 2, and 1 lbs. are laid at A, B, and C respectively. 
Find the centre of gravity of the system. 

12. ABC is a straight line, AB = 7 inches and BC » 9 inches. 
Weights of 3, 4, and 5 lbs. are placed at A, B, and C. Find the 
centre of gravity of the system. 

13. Find the position of the centre of gravity of a hat, the 
crown and rim of which are of equal mass and both flat. ^ 

14. Prove that the centre of gravity of a parallelogram is the 
point of bisection of its diagonals. 

15. Prove that if the outline of a parallelogram be formed of 
wire, its centre of gravity is the same as that of the whole figure 
cut out of paper. 

16. Show that the three lines which join the angular points of a 
triangle to the middle points of the opposite sides, meet in a 
point ■ 
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17. Find by a geometrical construction the centre of gravity of — 
(1) a quadrilateral ; (2) any rectilineal figure. 

18. What is the condition of stability of a given distribution 
of load on a table ? 

19. ABC is an equilateral triangle, and AC is bisected in D. 
Prove that the moment about A of a force represented by BC is 
twice the moment of a force represented by BD. 

20. ABCD is a square. Prove that the moments about A of 
the forces represented by BC, CD, and BD are equal. 

21. Parallel forces P and Q, acting in similar directions at A 
and B, are balanced by a force B acting at C : — 

(1) Prove that the moments of P and R about B are equal 

and opposite. 

(2) Prove that the sum of the moments of P and Q about 

any point in AB produced is equal and opposite to 
the moment of B about that point. 

22. Two forces act at a point. Prove that the algebraical sum 
of their moments about any point in their plane is equal to the 
moment of their resultant. 

23. Prove that the centre of gravity of a regular polygon is 
the centre of the inscribed circle. 

24. A wii'e is in the form of a circle on which are strung equal 
beads separated by equal intervals. Find the centre of gravity 
of the whole. 

25. Determine the character of the equilibrium in the fol- 
lowing cases. 

(1) A thin book lying on its side. 

(2) The same standing on its end. 

(3) The same balanced on a comer. 

(4) A body of any shape supported at its centre of gravity. 

(5) A hemisphere on a horizontal surface with the flat 

side turned down. 

(6) A hemisphere on a horizontal surface with the flat 

side turned up. 

(7) A thin circular disc standing on its edge. 

26. One end of a uniform heavy rod of weight W rests on a 
smooth horizontal plane, and a string tied to the other end of the 
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rod is fastened to a fixed point above the plane ; find the tension 
of the string. 

27. Prom a square a portion is cnt off by a line passing 
through the middle points of two adjacent sides ; find the centre 
of gravity of the remainder. 

28. Forces act along the sides AB, CB, CD, AD of a square 
ABCD, their magnitudes being P, 2P, 3P, 4P respectively : prove 
that their resultant acts along the straight line which bisects AB 
and AD, and that its magnitude is 2 V 2P. 

29. Find in what directions two forces of 21 and 28 lbs, 
respectively, must act on a particle so as to be kept in equilibrium 
by a force of 35 lbs. 

30. D, £, F are the middle points of the sides of a triangle 
ABC, shew that the three forces represented by AD, BE, CF 
are in equilibrium. 

31. Weights 5, 4, 6, 2, 7, 3 are placed at the comers of a 
regular hexagon taken in order, prove that the centre of the 
hexagon is the centre of gravity. 

32. Prove that the centre of gravity of a triangle, formed by 
bending a uniform thin heavy rod at two points till its ends 
meet, is the centre of the circle inscribed in the triangle formed 
by joining the middle points of its sides. 
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68. FroUoiiBaiT* — ^ machine is an instniment by means 
of which a force, acting in a given direction at a given 
point, is made to counterbalance or overcome a resistance, 
generally acting at a different point and in a different direc- 
tion. We have already considered cases in which forces 
are transmitted by such simple machines as the leg of a 
table and a stretched cord. 

The machines which we proceed to consider in this chap- 
ter are (1) the lever and its modifications, namely, the 
balance, the steelyard, and the wheel and axle; (2) the 
pulley; (3) the inclined plane. The principles of statics 
show us under what conditions the applied force is in equi- 
librium with the resistance. Following the usual custom in 
elementary treatises on this subject, we call the applied 
force the Power, and the resistance the Weight, and desig- 
nate them by the letters P and W. 

59. The Lever. — The lever is a rod moveable about a faced 
jmrU, which is called the fulcrum. Two forces P and W act 
on a lever at two points A and B. This causes a pressure 
on the fulcrum, and, by the third law of motion, the ful- 
crum exerts an equal and contrary pressure on the lever. 
This pressure is called the reaction. Thus we have a case 
of three forces acting on a rigid body. When there is 
equilibrium these forces must (§ 49, Ex. for Ex. 3) meet in 
it point or be parallel 
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In either case the conditions of equilibrium are most 
easily found by the following method. P is a force tend- 
ing to turn the lever in one direction about C, W tends to 
turn it in the other. Therefore their moments about G 
(§ 57) must be equal 

Assuming, for simplicity, that P and W each act at right 
angles * to the line A6, it follows that — 

P X AC = W X BC. 

This equation is at once seen to be identical with (23). 

If we divide both sides of this equation by W x AC, it 
takes the form 

Z = J^ 
W AC' 

which is identical with (24), and shows us that P bears to 
W the same proportion that BC bears to AC. 

Thus P is less than W when AC is greater than BC, P is 
equal to W when AC is equal to BC, and P is greater than 
W when AC is less than BC. 

When P is less than W, the arrangement is said to be 
one of mechanical advantage. 

Examples — 

1. Two bodies, weighing 20 lbs. and 4 lbs., balance at the ex- 
tremities of a lever 2 feet long. Find the position of the fulcrum. 

By (23) P X AC = W X BC. 

Here P = 20^^, W = 4^. 
Let AC = X inches, then BC = 24-0? inches. 
.'. ^Oxg = 4 (24 - x)g = (96 - ^)g 
.'. 20^7 = 96 - 4x. 

96 
.*. 47 = — - = 4 inches. 
24 

* If either or both forces are not at right angles to the lever, the mo- 
ments may be found by drawing perpendiculars from the fulcrum on their 
lines of action, and the condition of equilibrium is the same, yiz. : that 
the moments are equaL i 
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2. A rod is attached to a wall by a hinge, and a mass of 3 lbs. 
is suflpended at a point 2 inches from the hinge. At what 
distance must a force equal to the weight of 2 ounces act up- 
wards to produce equilibrium % 

By (24) P X AC = W X BC. 
In this case P = \g.^ W=Sg.* BC = 2 in. 
.*. If AC » X inches, the equation becomes 

Ja? = 3 X 2 
.'. 07 =s 48 inches or 4 feet. 

Examples for Exercise — 

1. Masses of 3 lbs. and 9 lbs. balance each other at the ex- 
tremities of a lever AB. Find the position of the fulcrum C. 

2. A straight rod, 6 feet long, projects horizontally from a 
wall, to which it is attached by a horizontal hinge, and a mass 
of 10 lbs. is hung from its extremity. What pressure upwards 
must be exerted at 2 feet from the hinge in order to maintain the 
rod in its horizontal position ? 

3. In a lever, AB is 4 inches and the Power is twice the 
Weight. Find AC. 

^ c B 60. Popular Classiflca- 

1 ciasTi * r *^^^ ®^ Levers. — ^Although 

P| ^ the problem presented by 

pi all levers is dynamically 

T B c the same, t.«., the equili- 



Giass n ^ brium of three forces acting 

on a rigid body, neverthe- 
less for practical purposes 

B it is necessary to discrimin- 

C Class HI A I ate between certain classes 

j| of levers. 
It has long been customary to divide levers into three 



I 



* Here, and in subsequent cases, the factor g, occurring on botii aides 
of the equation, may be omitted. 
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classes, acccoding to the position of the fulcrum with 
respect to the points of application of the Power and 
Weight 

In ley^rs of the first class, C is between A and B ; in 
those of the second class, B is between A and G ; and in 
those of the third class, A is between B and C. 

EaxLfnples — 

Ckus L (1) A poker used for raising ooalB. Here the bar is the 
fulcrum, the ooaJs are the weight, and the power is applied by 
the hand. 

(2) The common balance. 

CUui IL (1) A loaded wheel-barrow supported by the handles. 
The fulcrum in this case is the point where the wheel rests on 
the ground. 

(2) A diipping knife, in which one end is fixed to the block 
by a hinge. 

Class III, {1) The human fore-arm 
supporting a weight. Here the elbow 
is the fulcrum, the power is applied 
close to the elbow by the biceps 
muscle, while the weight is held in 
the hand. 
^L3^ au/ii ^ "^^ treadle of a turning lathe. 

^yp"'^ "^^ Other machines are formed of 

two similar levers connected by a 
joint, which acts as the double fulcrum. 

Examples — 

CloM I, Scissors, Pincers. 
Class IL Nut-crackers. 
CUus IIL Sugar-tongs. 

61. Thd Balance. — ^As has been ab^ady pointed out, 
the common balance is a machine for ascertaining the mass 
of any given object by comparison with known masses. 
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It is a lever of the first order, in which AC = BC, and 

therefore P = W. AB 
is called the beam. Its 
centre of gravity G is a 
short distance verticaUy 
below the point of support. 
The scales, which are of 
equal mass, are hung 
from A and B. The sub- 
stance to be " weighed ^^ 
is placed in one scale, and known masses are placed in the 
other until the beam rests in a horizontal position. 
The qualities of a good balance are stability and sensiMity, 
A balance is stable if after being disturbed it tends to 
return quickly to its position of equilibrium. By lengthen- 
ing GG the stability of a balance is increased, as we thua 
increase the moments of the forces which tend to bring AB 
back to the horizontal position. 

A balance is sensible^ if AB deviates perceptibly from it& 
horizontal position when P and W diflFer by a very small 
quantity. The sensibility of a balance is increased by 
lengthening AB. 

62. False Balances. — ^A balance gives false results when 
its arms are of unequal lengtL In this case there are two 
methods by which the true mass of a body may be 
determined 

The first method consists in placing the body in one 
scale, and filling the other with shot, or other substances, 
until the beam is horizontal. The body is then removed, 
and known masses are placed in its stead until the beam 
is again horizontal 

It is clear that the true mass is thus obtained, as the 
same force must have been exerted in each case in order to 
maintain equilibrium. 
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The other method consists in weighing the body in each 

scale, and calculating its true mass from the results. 

Let M be the true mass of the body, P and Q its 

apparent masses in the two scales. Let a and h be the 

lengths of the arms. 

Then by (23) Ma = P6 

And Mi = Qa. 

Multiply together the corresponding sides of these two 

equations, we obtain — 

M^aJ = PQoJ. 

.-. M2 = PQ. 

/. M = \/ PQ. 

The true mass is therefore found by multiplying together the 
apparent massesand extracting thesquareroot of this product. 

Example — 

The mass of a body appears to be 10 lbs. in one scale and 
12tV 11^* i^ ^^ other. Find its true mass. 

Here M« = PQ = 10 x 12^^ = 121. 
.-. M = 11 lbs. 

Example f 07* Exerciser-^ 

A body appears to be 8 lbs. in one scale, and 12 lbs. in the 
other. Find its true mass. 

63. The Steelyard. — The common steelyard is a lever of 

the first class, and consists 
of a steel rod suspended 
from a point C, which is 
the fulcrum. The sub- 
stance to be weighed is sus- 
pended from a fixed point 
B, while a moveable mass 
of weight P is made to 
slide along the graduated 
bar AC until there is equilibrium. The position of P, when 
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equilibrium is obtained, indicates the ireight of the 
substance. 

AC ia greduated in the following: mumer. Firat, nothing is hnog at B, 
jmd P in made to blide along AC until a point D ia found, gnch that the 
rod ie in equilibrium. Then if Q be the weight of the bar and O its 
uentre of grarity — 

PxCD-QxCG. 
A maes of I lb. is now, hung at B, and P ia moved along the rod until a 
point E ifl found, euch that the rod is in eqnilibriiim. 

The moment of P ia now Px(CD+DB), or PxCD+PxDE. PxCD 
hai> been shown to be equal to the moment of the weight of the bar, and 
therefore P x DE it) equal to the moment of the weight of 1 lb. at B. The 
mark, 1 lb, , ia therefore placed at K 

Neit mark off EF=DK Then PjiDF=2PxDE=-the moment of the 
weight of two pounds at B. 

The mark, 2 Ibe., ig therefore placed at B, and by marking 
off equal dirtancee along AC the remainder of the Bteol-yurd is 
graduated. 

64. The Wheel and Axle. — The simplest form of the 
wheel and axle consists of two cylin- 
ders vith the same axis. The larger 
cylinder is called tbe wheel and the 
smaller the axle. The Weight is 
applied to the axle by a cord, which 
is wrapped ronnd its circumference, 
and the Power is applied to the 
wheel in a similar way ; the two cords being wrapped in 
opposite directions. 

Another form of the wheel and axle is the wind- 
lass, in which the power is applied by means of a 
handle. 

A third form is the capstan, in which the axis is 
vertical and the Power is applied horizontally by means of 
spokes. 
Another common modification is the toothed wheel 
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To find the Gondition of equilibriom of the wheel and 
axle^ we must consider a cross section and 
suppose both P and W to act in the plane of 
the paper. Let C be a point in the common 
P^. "^ y *™> *^d let P act at A, and W at B. Then 
'fl^ since there is equilibrium, the moments 
^ of P and W about G must be equal, and 
therefore P x AC - W x BO. 

The same equation will be obtained, at whatever point 
in the circumference of the wheel P is supposed to act. 

It is evident that we may regard the wheel and axle as a 
lever whose fulcrum is C. 

Example — 

The radii of a wheel and axle are 4 feet, and 6 inches, respect- 
ively. What force must be applied to raise a mass of 56 lbs ? 

As above P x AC = W x BC. 
In this case AC ^ 48 inches, BC = 6 inches, W = 66. 
.'. 48P = 6 X 56. 

^ 336 ^ 
• • ^ 48 ^' 
Thus the force required is the weight of 7 lbs. 

Example fcr Exercise — 

In a capstan the length of the spoke is 6 feet, and the radius 
of the drum is 1 foot. Find the mass of an anchor which can be 
raised by 6 men, each of whom exerts a force equal to the weight 
of 100 lbs. 

Examination on Sections 58 — 64. 

1. Define a machine, and explain what is meant by the terms 
Power and Weight in connection with it. 

2. Define a lever. Find the condition of equilibrium of the lever. 

3. In what three Ways may the points of application of the 
Power and Wei^t be situated with regard to the fulcrom of a 
lever ? Illustrate by a diagram, and give examples of each kind 
of lever. 
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4. What useful machines are formed by joining two similar 
levers at the fulcrum ? 

5. Describe the construction of the common balance. What 
are the characteristics of a good balance, and how may they be 
obtained? 

6. Show how the true mass of a body may be ascertained 
by means of a balance whose arms are unequal. 

7. Describe the steelyard and show how to graduate it. 

8. Find the condition of equilibrium of the wheel and axle. 
Name any modifications of the wheel and axle. 

65. The Pnlley. — ^A pulley consists of a small wheel in 
the rim of which a uniform grove has been cut. It is 
easily moveable about its axis, which is fixed in a block, 
the block being either fixed to a beam or suspended by a 
cord. A cord passes round part of the circumference of the 
pulley, and is kept stretched by means of forces actiug at 
both ends of the cord. When there is equilibrium these 
forces must be equal, as otherwise the cord would be drawn 
round the pulley in the direction of the greater forca Thus 
if a force P act on one end of a cord which passes round 
one or more pulleys, an equal force P must act on the other 
end of the cord. Since this force P keeps the cord stretched, 
it is called the tension of the cord. 

Let K be a pulley supported by a cord KL, and acted on 

by a second cord whose ten- 
sion is P. If E be the tension 
*^ ' * "^ of the cord KL, then the three 

forces, P, P and R, must be in 
^p equilibrium, or £ is equal and 
opposite to the resultant of 
P and P. 

In the pulleys M and N, 
the forces P and P are parallel, and therefore the resultant 
is in each case equal to 2P. 
There are various combinations of pulleys, and in each we 
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can find the relation of the Power and the Weight, by con- 
sidering the equilibrium of each pulley separately. The 
three following cases have been called the first, second, and 
third systems of pulleya There is no special reason for this 
order, but it is retained here for convenience of reference. 
66. First System of Pulleys. — ^In this system a number 

of cords are used, each of which is at- 
tached to the beam and supports one 
moveable pulley. In the figure the power 
P acts on the cord AD, which is attached 
to the beam at D and supports a pulley 
at A. To this pulley is attached a cord 
ABE, which supports a second pulley B, 
and so on. 
^^ The last pulley supports the Weight W. 

\e^ Since the tension of AD is P, 

•%v^ .'. the tension of ABE is 2P (§ 65), 

/. the tension of BCF is 4P, 
„ „ CK is 8P, 

.-. W = 8P. 
This may be written W = 2^P. If 4 strings are used, 
we have in like manner W = 2*P, and so on. Therefore, 
if n strings are used, — 

W = 2''P (26) 

W is supported by P and by the beam DEF. Therefore 
the part supported by the beam is — 

W - P = 7P. 
This may also be proved by adding the tensions of the 
three strings which are attached to the beam; 

Thus the tension of AD = P, 
„ „ BE = 2P, 

CF = 4P. 



the weight supported by the beam = 7P. 
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In the same manner, when there are n strings, the weight 
supported by the beam is — 

2»P - P or (2» - 1) P. 

Example — 

. The weight of a mass of 1 lb. is sustained by that of a mass of 
1 oz. How many cords and pulleys are employed ? 

By (25) W = 2»P. 

But W = 16P. 

/. 16 = 2». 
But 16 = 2*, 

.*. w = 4, 

or the system has 4 cords supporting 4 moveable pulleys. 

Example for Exefi^dse — 

If five pulleys are used, and the Power is 3 lbs., find the 
Weight. 

67. Second System of Pulleys. — Here there are two 

blocks of pulleys, one of whieh is 
fixed to the beam, while the other 
supports the weight. Only one cord 
is used, which passes round a pulley 
in the upper and lower block [alter- 
nately, and is finally fixed to one of 
the blocks. 

In finding the condition of equi- 
librium we have only to observe how 
many times the tension of the string 

iacts on the lower block. In the 
-yf figure there are 4 strings at the lower 

block,* and therefore — 

W = 4P. 




* The number of strings at the lower block is always equal to the whole 
number of puUeys in both blocks. 
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K there were n strings at the lower block we should 
have in like manner — 



W = nP 



(26) 



In this case the beam supports both W and P. Thus 
the weight supported by the beam is W + P = 5P. This 
result may also be obtained by observing that there are 5 
strings acting on the upper block. 

In the same manner, if there are n strings at the lower 
block, the weight supported by the beam is — 

nP + P or (w + 1)P. 

This system of pulleys is of much practical use. In the 
common form of block all the wheels (or sheaves) are on 
the same axle. 

In the other systems of pulleys too much space is taken 
up by the motion of the pulleys. 




Exaw/pli 

The upper block contains 3 sheaves^ 
and the string is attached to the lower 
block. What mass is sustained by a 
Power equal to the Weight of 1 lb. ? 

Drawing the figure we can see that 
there are 5 strings at the lower block, 
therefore — 

W = 5P, 

or a mass of 5 lbs. is sustained. 

Example f<yr Exercis^-^ 

1 lb. supports 6 lbs. Draw the 
diagram, and find how many sheaves there are in each 
block. 
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68. Third System of PnlleyB. — The third system of pul- 
leys is simply the first system inverted, the 
beam and Weight changing places. 

Thus the tension of AD is P, that of ABE is 
2P, of BCF, 4P, and of CK, 8P. 

Thus the beam supports a weight of 8P, and 
since this is made up of W and P, we have 
W = 8P - P = 7P. 
Similarly when there are n strings the beam 
supports a tension of 2"P, and therefore — 

W = 2»P - P. 

Or W = (2» - 1) P. . . (27) 

Example — 

If there are 4 pulleys and the Power is the 
weight of 3 lbs., find the Weight. 

By (27) W == (2'» - 1) P. 

= (2* - 1) X P. 
= (16 - 1) X 3. 
= 15 X 3 = the weight of 46 lbs. 

Example for Exercise — 

If there are 6 pulleys, and the Weight is 62 lbs., find the 
Power. 

69. The Inclined Plane. — When a body is in contact with 
a smooth plane, it generally exerts some pressure upon it, 
and this pressure is at right angles to the surface of the 
plane. By the third law of motion the plane exerts on the 
body an equal and opposite pressure which is called the 
reaction of the plane (§ 55). In the case of a body lying on 
a horizontal plane, the reaction of the plane is equal to the 
weight of the body, but when the plane is inclined to the 
horizon, the direction of the reaction is no longer opposite 
to the direction of gravity, and a third force is necessary to 
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maintain equilibrium. We shall consider the conditions of 
equilibrium in two simple cases. 

70. Equilibriiun on an Inclined Plane when the Power 
._ acts np the Plane. — Let AB be 

a section of an inclined plane, made 
by a vertical plane perpendicular to 
it. Let the plane of the paper re- 
B present the vertical plane, and let 
AG be a horizontal line, and BG 
be perpendicular' to AG. Let D be 
a body resting on the inclined plane 
AB. Then D is kept in equilibrium 
by three forces, its weight W acting 
downwards, the power P acting in the direction AB, and 
the reaction E acting at right angles to the plane. 

From AB cut oflF AE = BG. Draw EF at right angles to 
AB and equal to AG. Join FA. 

The A FAE = A ABG in every respect (Euclid L, 4), 
and therefore the angle FAE = the angle ABG. 

But the angles ABG and BAG are together equal to a 
right angle (Euclid L, 32). 

.'. FAE and BAG together make up a right angle. 
.-. FA is parallel to BG, and the three sides FA, AE, EF, 
are parallel to the directions of the forces W, P, R 

If then FA be taken to represent W, AE will represent 
P, and EF will represent E on the same scale (§ 45). 
But FA = AB, AE = BG, and EF = AG. 
.*. if AB be taken to represent W in magnitude, BG will 
represent P, and AG will represent E, on the same scale. 

Therefore the Power is to the Weight as the height of 
the plane is to its length. 

Examples — 

1. If the height of the plane be to its length as 3 to 5, what 
Power wOl support a mass of 20 lbs ? 
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Suppose that the length is 5 feet and the height 3 feet. 
Then 5 feet represents 20y, 

3 „ „ 12^, the Power. 

2. A raQway train, whose mass is 126 tons, rests on an incline, 
and is kept from moving downwards by a force equal to the 
weight of 15 cwt. What is the slope of the incline 1 

126 X 20 ^ ^ 

- = 168. .-. W = 168 P. 



Here ^ 



P 15 

Thus the Weight is 168 times the Power, and therefore the 
length of the plane is 168 times its height. 
That is, the incline rises 1 in 168. 

Examples for Exercise — 

1. If the length of the plane be 13 feet and the base 12 feet, 
what Weight will be supported by a Power of bg I 

2. The height of a plane is to its base as 12 to 35. If a mass 
of 3 tons 14 cwt. be placed on the plane, find what force up the 
plane is required to keep it at rest. Find also the pressure on 
the plane. 

71. Equilibzinm on an Inclined Plane when the Power 

B acts HorisontaUy. — ^Let AB repre- 
sent the inclined plane, D the body 
resting on it. Let W be the 
weight of the body, R the reaction 
of the plane, and P the Power 
acting horizontally. 

From AC cut off AG = BC. 
From 6 draw GH at right 
angles to AC and equal to AC. 
Join AH. 

Then A AGH « A ABC in every 
respect (Euclid I., 4). 
.-. L GAH = L ABC. 
L BAG = a right l (EucHd I., 32). 
+ L BAC = a right l . 




i 




But 



H 

ABC + 
. L GAH 
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/. AH is at right angles to AB, and the three sides AG, 
GH, HA are parallel to the directions of the forces P, W, 
and R 

If then AG or BC be taken to represent P in magnitude, 
GH or AG will, on the same scale, represent W, and AH or 
AB will represent B. 

Therefore the Power is to the Weight as the height of the 
plane is to its base. 

ExoMpU — 

If the height of the plane be to its base as 3 to 8, and the 
Power be the weight of 12 lbs., find the Weight. 

Here 8 represents 12^, 
1 „ 4<7, 

/. 8 „ 32^, the Weight 

Example for Exercise — 

If the length be to the base as 25 to 24, and the Power be 14^, 
find the Weight. 

Examination on Sections 66 — 71. 

1. What IB a pulley ? Explain what is meant by the tension 
of a cord. 

2. A rope passes round a pulley, prove that its tension on both 
sides of the pulley must be equal if equilibrium is maintained. 

3. Find the condition of equilibrium in a system of pulleys, in 
which all the cords are fastened to the beam. Find also the 
weight supported by the beam. 

4. Find the condition of equilibrium in a system of pulleys in 
which the same cord passes round all the pulleys. 

5. Find the condition of equilibrium in a system of pulleys in 
which all the cords are fastened to the weight. 

6. Explain what is meant by the reaction of a plane. 

7. Find the condition of equilibrium of a body on a smooth 
inclined plane acted on by a force parallel to the plane. 

8. Find the condition of equilibrium of a body resting on a 
smooth inclined plane, and acted on by a horizontal force. 
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72. Friction. — ^Wlien two bodies are pressed together, 
and we try to make one of them slide over the other, a re- 
sistance is experienced which is called Statical Friction. 

As long as the body is not moved, the amount of friction 
called into play is just sufficient to maintain equilibrium, 
and acts in the direction opposite to that in which the 
forces tend to produce motion. 

When the body is on the point of being moved, the whole 
amomd of statical friction is called into play. 

The whole amount of statical friction between two given 
bodies bears a fixed proportion to the normal* pressure 
between the surfaces, if other circumstances remain the 
same. 

Thus if E be the normal pressure, the greatest possible 
value of the friction is a^R, where a^ is a fraction depending 
on the nature of the surfaces, and var3ring from 3\y in such 
bodies as oiled and polished metals, to i in such bodies a& 
wet leather. 

/I is called the coefficient of statical friction. 

When the statical friction is overcome and motion takes 
place, a force of friction continues to act, which is propor- 
tional to the pressure and independent of the rate of 
motion, but the co-efficient of Kinetic Friction is less than 
that of statical friction. 

73. Angle of Repose. — When a body is laid on a rough 
plane, and the plane slightly tilted, the force of gravity 

* By normal pressure is meant the pressure at right angles to both 

T surfaces. If AB and CD be two surfaces 

which are pressed together at P, then the 
A I B portion of their surfaces in contact is 

x^^ pi ^^y^ approximately a part of a plane surface 

£^ — —^^sJL^^l. j^ EL, and the direction of the straight 

^""^^ line MPN drawn through P at right 
p angles to KL is said to be normal to both 
surfaces. 

N 
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tends to make the body slide down the pland. This calls 
into play the force of friction acting up the plane. If W 

be the weight of the 
body, £ the reaction 
of the plane, and F 
the friction, then the 
three forces W, K, 
K^.y";^^^^^ i^ and F are in equili- 

brium and are there- 
fore (§ 70), proportional to the lengths AB, AC, and BC. 

K the plane be now tilted until the body is on the point 
of sliding, it is easily seen that BC is increased, and there- 
fore F, which is proportional to BC, is also increased. 
In the limiting position 

F = IL&. 

but F and E are proportion^ to BC and AC, and therefore 
also 

BC = MC. 

or dividing both sides of this equation by AC. 

-s « 

When the plane is in this position the angle BAC is called 
the AngU of R&pose, 

Examples — 

1. What must the co-efficient of friction be, in order that a 
body may rest on a plane inclined at an angle of 45^ ? 

BC 

By (25) M=^^, 

but if ii BAC = 45^ AC = BC, 

/. A* = 1. 

This case is imaginary, since fi is less than unity for all known 
substances. 

2. A body just rests on a plane in which the height is one-half 
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the lengtli. Find the angle of repose and the co-efficient of 
friction. 

Here ABC is one-half of an equilateral triangle. Therefore 
the angle of repose is 30<>. 

Also if BC = 1, AC = \/aB*-BC» = v^4 - 1 = V3. 

^ BC _ 1 

••^~ AC""V3* 
Exam/pies for Exercise — 

1. A mass of 80 lbs. rests on a horizontal plain, and it is found 
that it can be moved by a horizontal force of 10^. Find the 
co-efficient of friction. 

2. A body lies on a horizontal slab 10 inches long. If the co- 
efficient of friction be |, how high may one end of the slab be 
raised, before the body will begin to move ? 

74. Machines in Motion. — ^We have investigated the re- 
lation of the Power to the Weight necessary in each case 
to keep the machine in equilibrium. K the Power be 
caused to exceed this value by a very small amount the 
machine will be set in motion, and the force P will do 
work (§ 42). 

In the cases we have considered, no part of the work is 
spent in giving energy to the machine, and therefore in each 
case the work done by the Power is equal to the work done 
against the Weight. 

In the lever and the pulley the points of application of 
both P and W move in the line in which these forces act, 
and therefore in these cases, the work done by each force 
is measured by that force multiplied by the distance moved 
by its point of application. 

.-. P X Fs path = W X Ws path. 

Thus, if P be less than W, its path is greater than that 
of W in the same proportion, or, as it is sometimes stated, 
wh(d is gained in power is lost in space. 
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In the case of the inclined plane, in measuring the work 
done by P and against W, we must consider the distance 
moved by the body in the directions of these forces respec- 
tively. 
Thus if the force be parallel to the plane, and the body 

i;^ be moved from K to L the 
work done by P is P x KL, 
while the work done against 
W is W X LM. 
Thus the path of the body is 
increased in the same proportion as the power is diminished, 
and again we see that what is gained in power is lost in 
space. 

The fact, that the work done by the Power is equal to 
the work done against the Weight, may be proved in each 
machine from the conditions of equilibrium. Thus the 
above equation follows from the result of § 70, which states 
that P is to W in the same proportion as the height of the 
plane is to its length, or— 

P LM 

W Kl7 

If both sides of this equation be multiplied by W x EX, 
it takes the form — 

PxKL = WxLM. 

Example — 

Show that, in the secoud system of pulleys, the work done by 
P is equal to that done against W. 

Since there are n strings connecting the two blocks, if W be 
raised 1 foot, each of the n strings is shortened by 1 foot, and 
therefore P descends n feet. 

But by the conditions of equilibrium, — 

W = nP, 
.*. the amount of work done by P in moving n feet is equal to 
that done against W moving 1 foot. 

Similarly for any number of feet. 
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Examples for Exercise — 

Prove that the work done by the Power is equal to that done 
against the Weight in (1) the lever, (2) the first system of pul- 
leys, (3) the wheel and axle. 

Examination on Sections 72 — 74. 

1. Define statical friction. 

2. When is the whole amount of statical friction called into 
play, and in what direction does it act % 

3. What is meant by the co-efficient of statical friction ? 

4. What is kinetic friction ? In what particulars do its laws 
resemble those of statical friction, and in what do they differ ? 

5. Explain what is meant by the angle of repose. 

6. Show how we may find the co-efficient of friction, when the 
angle of repose is given. 

7. When a machine is in motion, what is the connection be- 
tween the work done by the power and that done against the 
weight % 

8. Explain by reference to any simple machine, the meaning 
of the phrase, what is gained in power is lost in space. 

General Examples in Machines. 
The Lever. 

1. Where must I place the fulcrum in order that P may 
balance W at the extremities of a straight lever AB, in the fol- 
lowing cases ? — 

(1) P == 5, W = 3, AB = 3 feet. 

(2) P = 6, W = 4, AB = 1 foot. 

(3) P = 10, W = i, AB = 34 feet. 

2. The force at one end of a lever is 3^, and its distance 
from the fulcrum 2 inches. If the lever be 5 inches long, find 
the force at the other end. 

3. In a pair of nutcrakers the nut is placed one inch from 
the hinge, and the hand is applied at a distance of 6 inches 
from the hinge. If the nut require a force* of 2^ lbs. to break 
it, how much pressure must be exerted by the hand % 

* As previously explained this phrase is used to denote the force equal 
to the weight of the mass named. 
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4. If a force of 3 lbs. 10 oz. act on a lever at 1 foot 8 inches 
from the fulcrum, where must a force of 5 lbs. act to produce 
equilibrium ? 

5. A uniform rod, 2 feet long, weighs 1 lb. ; what weight 
must be hung at one end, in order that the rod may balance 
on a point 3 inches from that end ? 

6. Two men cany a mass M by means of a pole AB, one 
end of which is held by each. The mass is placed at the point 
C. Find what part of the weight each man bears in the follow- 
ing cases : — 

(1) AB = 6 feet, AC = 2 feet, M = 200 lbs. 

(2) AB = 7 feet, AC = 1 J feet, M = 360 lbs. 

(3) AC = 4 feet, BC = 6 feet, M = 300 lbs. 

7. A lever, 5 feet long, rests on a fulcrum at one end, a weight 
pf 10 lbs. is suspended 1 foot lOi inches from the fulcrum, what 
force acting perpendicularly at l^e other end will preserve 
equilibrium ] 

8. Two forces, which are as 3 to 2, balance on a lever of the 
second class. If the distance between their points of applica- 
tion be 2 feet, find the whole length of the lever. 

9. Two forces of 5 and 6 lbs. act perpendicularly on a lever at 
a distance of 6} inches. Find the position of the fulcrum, when 
the directions in which the forces act are— {1) similar, (2) dis- 
similar. 

10. A lever 2 feet long is supported by 2 pegs, one below it 3 
inches from its extremity, the other above it at its extremity. 
A weight of 5 lbs. is suspended from the other end. Find the 
pressure on each peg. 

11. A lever, 2 feet long, has the fulcrum at its middle point. 
Weights of 3, 6, and 12 lbs. are suspended at distances of 4, 8, 
and 10 inches on one side of the fulcrum. What force must act 
at the extremity of the other half of the rod to produce equi- 
librium ] 

12. Two weights of 4 lbs. are hung on one side of a lever, at 
distances of 6 and 9 inches from the fulcrum. What vertical 
force must act at 8 inches from the fulcrum to balance them ? 

13. A heavy beam, 3 feet long, weighs 4 lbs., and has a weight 
of 3 lbs. hung at one end. If the fulcrum be 1 foot from the 3 
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lb. weight, what weight must be hung at the other end to pro* 
duce equilibrium % 

14. A heavy imiform rod has a weight of 3 lbs. hung from 
one end, and balances about a point 4 feet from that end. If 
a weight of 5 lbs. be substituted for the 3 lbs. weight, the rod 
balances about a point 3 feet from the end. Find the length and 
weight of the rod. 

The Balakcb. 

15. A body weighs 4 lbs. in one scale of a false balance and 
6^ lbs. in the other. Find its real weight. 

16. The arms of a false balance are 9 and 10 inches long. If 
the real weight of a body is 5 lbs. 10 oz., how much will it 
appear to weigh in each scale % 

17. A body, whiqh really weighs 3 lbs., appears to weigh 3^ 
lbs. in a false balance. Find the proportion of the lengths of the 
arms. 

18. A body, whose real weight is 4 lbs. 8 oz., appears to 
weigh 4 lbs. in one scale of a balance. 

(1) What will it weigh in the other scale ? 

(2) What is the proportion of the lengths of the arms ? 

The Wheel and Axle. 

19. The radius of the wheel is 4 feet, and that of the axle 6 
inches, what Power will sustain a Weight of 120 lbs ? 

20. The radius of the wheel is five times that of the axle. 
What weight can be raised by a force of 10 lbs.? 

21. Twelve sailors, each exerting a force of 96 lbs., work a 
capstan with levers 7 feet 6 inches long: The radius of the cap- 
stan is 16 inches. What Weight can they sustain % 

Pullets. 

22. Sketch two systems of pulleys, in each of which the Weight 
is four times the Power. 

23. Sketch two systems of pulleys, in each of which the Weight 
is seven times the Power. 

24. In the first system of pulleys if there are five pulleys and 
the Weight is 64 lbs., find the Power. 

25. In the second system of pulleys if the Power is 7 lbs. and 
the Weight 56 lbs., draw the diagram. 
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26. In the first system of pulleys three pulleys are used, each 
of which weighs 1 lb. Find what Weight will be sustained by 
a Power of 10 lbs. 

27. In the second system of pulleys, each block contains three 
sheaves, and the moveable block weighs 3 lbs. What Weight 
will be sustained by a Power of 10 lbs. 1 

28. In the third system of pulleys three pulleys are used, each 
weighing 1 lb., find the Weight if the Power be 10 lbs. 

I The Inclined Plane. 

29. On a smooth plane, rising 3 in 5, a mass of 10 lbs. is kept 
from sliding by a force in the direction of the plane. Find — 

(1) this force. 

(2) the pressure on the plane. 

30. An inclined plane rises 16 in 65. Find what Weight will 
be supported by a horizontal force of 80 lbs. 

31. A horizontal force of 35 lbs. supports a Weight of 120 lbs. 
upon an inclined plane. Find the pressure on the plane. 

32. A plane is inclined at an angle of 45°. Find the horizon- 
tal force necessary to support a Weight of 10 lbs. 

33. A body is supported on an inclined plane by a force 
parallel to the plane. If the Power is half the Weight, find the 
inclination of the plane. 

34. A body weighing 20 lbs. rests on a plane and is supported 
by a horizontal force of 15 lbs. 

(1) Find the pressure on the plane. 

(2) Find what power parallel to the plane would support it. 

(3) Find the pressure on the plane in this second case. 

Miscellaneous. 

35. Two levers, each 1 foot long, are combined so that the 
Weight of the first is the Power of the second. In the first the 
Power is 9 inches from the fulcrum, and in the second 8 inches. 
Find the ratio of the Power to the Weight. 

36. Two inclined planes of the same height slope in opposite 
directions, and two weights rest, one on each plane, connected 
with each other by a cord passing over a pulley at the common 
vertex. If the lengths of the planes are 5 feet and 6 feet, find 
the relation of the weights that equilibrium may be possible. 
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37. In a lever the Weight is four times the Power. What will 
be the velocity of the Power when that of the Weight is 7 ? 

38. Find the force which, acting up an inclined plane, will 
keep a weight of 10 lbs. in equilibrium ; it being given that the 
foiDe, the pressure on the plane, and the weight are in arithmeti- 
cal progression. 

39. Compare the greatest and least weights which can be 
supported by a force acting on a wheel with a square axle. 

40. Two weights, 6 lbs. and 9 lbs., balance on a straight lever; 
if they be transposed which weight will prevail and what force 
must be added to restore the balance ? 

41. If the less of two forces acting on a lever be 16 lbs. and be 
at a distance of 15 feet from the fulcrum, the force on which is 
4 lbs. ; find the other force and its distance fi'om the fulcrum, 
when there is equilibrium. 
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CHAPTER VI 

HTDROSTATIOS 

75. Fluids. — It has been already stated that all solid 
bodies possess a certain amount of rigidity. Liquids and 
gases have no rigidity. They are considered together under 
the name of Fluids. 

In Hydrostatics we consider only fluids at rest. When 
at red all fluids satisfy the following definition. 

A FLUID is incapable of residing a change of shape. 

In other words, fluids do not exert statical friction. 
When in motion all known fluids exert kinetic friction, 
and therefore do not satisfy this definition. If a fluid could 
be found incapable of exerting kinetic friction, it would be 
called a Perfect Fluid. 

The different portions of a fluid exert pressure on each 
other, and on the sides of the vessels which contain them. 

In order to investigate fluid pressure we may consider 
the equilibrium of any small portion of the fluid by itself. 
The surfaces, by which this portion of the fluid is bounded, are 
pressed by the surfaces (whether solid or fluid) with which 
they are in contact, and, by the third law of motion, they 
exert on them an equal and opposite pressure. 

The pressure exerted by any portion of a fluid at rest is per- 
pendictUar to the surface of that portion. 

For, if the pressure were not perpendicular to the surface, 
it could be resolved into two components, one perpendicu- 
lar, and one parallel to the surface. This latter component 
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would tend to produce sliding motion, and since, by the 
definition, it could not be resisted, motion would take 
place, and therefore the fluid would not be at rest. 

It is assumed throughout this chapter that no change of 
temperature takes place in the bodies treated of. 

76. Liauids and Gases.— Fluids are divided into Liquids 
and GaseSy which differ in the following respects : — 

Liquids are nearly incompressible, that is, the volume 
of a given mass of a liquid remains nearly constant, to what- 
ever pressure it is subjected. The volume of a liquid con- 
tained in a closed vessel must be either equal to, or less 
than, the volume of the vessel. In the latter case the 
liquid only fills part of the vessel, and has, therefore, a free 
surface. A liquid can also be contained in an open vessel. 

Ckises are easily compressed, that is, the volume of a 
given mass of a gas is not constant, but becomes smaller 
when the pressure to which it is subjected is increased, and 
larger when the pressure is diminished. (See § 90.) If a 
quantity of gas is placed in a closed vessel, it expands so as 
to fill the whole vessel, and then presses on, and is pressed 
by the sides of the vessel. A gas cannot be contained in an 
open vessel, unless the space outside the vessel contains 
some fluid which exerts pressure on the gas. For example, 
if an open vessel containing a gas be placed in a space ex- 
hausted of air, the gas will expand and fill the whole space. 
On the other hand, if a veissel containing gas be held mouth 
downwards in water the gas will remain in the vessel. 

It is to be observed that we do not in this treatise con- 
sider any changes due to such causes as chemical reactions, 
absorption of gases by liquids, etc. 

77. Density. — If we take equal volumes of two bodies, 
and find that the mass of one is greater than the mass of 
the other, the body which has the greater mass is said to be 
denser than the other. 
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ThuB, if we compare a cubic foot of iron with a cubic 
foot of wood, we find that the iron has the greater mass, 
and is therefore denser than the wood. Similarly mercury 
is denser than iron, iron than water, water than air. 

The DSXSiTY of a body is the mass contained in unit volume. 
If we take a foot as the unit of length, a eMc foot will be 
the corresponding unit of volume. Let p be the density of 
a body of mass M, whose volume is Y cubic feet. 

Then the mass of 1 cubic foot is p, 
» » 2 „ feet „ 2p, 

and so on. Therefore the mass of Y cubic feet is Y^, or 

M = Y^ (29) 

Since the volume of a given mass of a liquid is constant, 
its density is also constant, but different liquids have dif- 
ferent densities. 

In a gas the volume varies with the pressure, and there- 
fore the density also varies. If we divide both sides of (29) 
by (1) p, (2) Y, it takes the forms 

M M 

Y= — , andf»= --, . . . . (29') 

P V 

which show us that the volume of a given mass varies 
inversely as the density. 

Examples — 

1. A cubic inch of iron weighs ^ of a lb.,* find its density. 

M 
By (29') p=^, 

Here M = i, Y = ^tVt, 
/. p = i X 1728 = 432, 
or the mass of a cubic foot of iron is 432 lbs. 



* That is, its mass, as ascertained by '' weighing/' is } of a lb. 
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2. A cubic foot of water weighs 1000 ounces, find its density. 
Here M = ^^^, V = 1. 
/. p = !££« = 62J. 

Examples for Exercise — 

1. Three cubic feet of oak weigh 219 lbs., find its density. 

2. The density of mercury is 812, find the mass of 1 cubic 
inch. 

78. Pressure at a point in a Fluid. — ^We have seen that 
the pressure on the surface of any portion of a fluid at rest 
is perpendicular to the surface. This pressure may be uni- 
fomiy or may vary from point to point of the surface. The 
pressure at a given point in a given direction is found by 
considering a plane area including the point and perpen- 
dicular to the direction. 

K the pressure is uniform over this area, then the pres- 
sure at the point is measured by the pressure on a unit of 
area taken so as to include the point in question. K the 
pressure is variable, then the pressure at the point is the 
pressure, which would be exerted on a unit of area, if the 
pressure all over the unit of area were the same as at the 
point under consideration. 

If we take a foot as the unit of length, a sqmre fod will 
be the unit of area. It is, however, customary in measur- 
ing fluid pressure to take a sqmre inch as the unit of area. 

Examples — 

1. An area of 20 square feet sustains a uniform atmospheric 
pressure, altogether amounting to 43,200 lbs., (that is a pressure 
equal to the weight of 43,200 lbs). Find the pressure at a point 
in the surface. 

If a square foot be the unit, — 

pressure = ^^0""° = ^^^ ^^ 
If a square inch be the imit, — 

pressure = ^^^ = 15 lbs. 
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% A rectangle metisurmg 9 inches by 4 undergoes a uniform 
preasni-e of 8 lbs. on the square inch ; find the pressure on the 
whole surface. 

The surface contoina 36 square inches, — 

,*, pressure = 38 X 8 - 288 lbs. 

Eixmvples for Exercm — 

If a square area measuring 4 inches each waj sustain a uni- 
form pressure of 72 lbs., find the pressure, (1) on a square foot, 
(2) on a square inch. 

79. Flnid not Acted on hj External Forces. — fflien a 
fittid is not acted on by external forces, the pressure is the same 
at all points and in all directions. 

Suppose the fluid to be contained in a closed vessel, and 
subject only to the pressure of the sides of the vessel. 
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Let A and B be any two points in the fluid and draw any 
curved line AB. 

Consider the equibbrium of a portion of the fluid in the 
shape of a tube of uniform small section described about 
AB as axis. The tubular portion of tlie fluid is subjected 
to the pressure of the adjoining fluid on its curved surfece 
and on its ends. 

Since the pressures on the curved surface are all at right 
angles to that surface, they do not tend to prevent the 
fluid from flowing through the tube. Therefore the 
pressures on the two ends at A and B must be equal, as 
otherwise the fluid would begin to flow in the direction of 
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the greater pressure. Now the areas of the two ends are 
equal, and they may be taken as small as we please, there- 
fore the pressures at the points A and B perpendicular to 
the ends of the cylinder are equal. 

Let us now vary the direction of the line AB, so that the 
direction of the pressure at A remains the same, while that 
at B is changed. In each case the pressure at B is equal to 
the pressure at A, and thus we see that the pressure at B is 
the same in all directions. And since B is any point in the 
fluid, it follows that the pressure is the same at all points 
and in all directions throughout the fluid. 

80. Heavy Fluids. — (1) When external forces, such as 
gravity, act on a fluid, the pressure at a point is the same in all 
directions. 

For the preceding demonstration may still be applied by 
taking the points A and B very near each other, as in that 
case the weight of the tubular portion of the fluid may 
be neglected when compared with the pressures on its 
ends.* 

(2) The pressures at any two points in the same horizontal 
plane are equal to one another. 

Let A and B be two points in the same horizontal plane, 

and consider a small cylinder of the 
fluid of which AB is the axis. 
Since the weight of the fluid acts 
vertically, it does not prevent 
horizontal motion. Therefore the 
pressures at A and B must be equal to each other. 




* The pressures on the ends are proportional to their areas, while the 
weight is proportional to the volume. If the distance AB is reduced to -^ 
of its former length, the proportions of the tube being unaltered, the 
pressures on the ends are reduced to ^^ of their former values and the 
weight to idbo* Thus the weight may finaUy be left out of account in 
comparison with the pressures. 
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(3) Tht pressures at any two jmnta in ffie fluid differ by 
the weight of a cylinder of the fluid whose base is unii of 
area, and whose height is the vertical distance between the 
points. 

Let A and C be any two points in the fluid. Through C 
draw a horizontal plane, and through A draw A6 perpen- 
dicular to this plane. 
About A6 as axis describe a cylinder whose base is unit 
of area, and consider the equilibrium of the 
fluid within the cylinder. 

The pressiire on the end A and the 
weight of the fluid tend to make the fluid 
within the cylinder flow downwards. This 
is prevented solely by the pressure on the 
end B upwards, since all the pressures on 
the curved surface are horizontal 

/. pressure on end A + weight of cylinder of fluid = pres- 
sure on end B. 

But the end A is part of a horizontal plane, and as 
proved above the pressure on it is uniform, and is therefore 
equal to the pressure at the point A (§ 78) ; — 

.*. pressure at A + weight of cylinder = pressure at B. 
And since C is in the same horizontal plane as B, — 

pressure at C = pressure at B. 
.*. pressure at A + weight of cylinder = pressure at C. 
In liquids the density is the same throughout, and hence 
the weight of the cylinder AB is the same, from whatever 
part of the liquid it is taken, as long as its size is unaltered. 
In gases, however, it is important to notice that the ends of 
the cylinder must be in the planes of A and C. 

The fact that the pressure at any point of a fluid is equal 
to the pressure at its highest point, together with the pres- 
sure due to the weight of the fluid, is often called the prin- 
ciple of the TransnUssibUity of Fluid Pressure. 
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Examination on Sections 75 — 80. 

1. Define a fluid. Prove that in a fluid at rest the pressure on 
any surface is at right angles to that surface. 

2. Prove that fluids cannot exert statical friction. 

3. What is meant by a perfect fluid ? 

4. Distinguish between liquids and gases. 

5. Define density. Prove the formula M = Yp, 

6. Show that the density of a gas is inversely proportional to 
its volume. 

7. Explain what is meant by the pressure of a fluid at a given 
point in a given direction. How is it measured, (1) when uni- 
form, (2) when variable ? 

8. Prove that, in a fluid unacted on by external forces, the 
pressure is the same at all points and in all directions. 

9. Prove that the pressure at any point in a heavy fluid is the 
same in all directions. 

10. Prove that in a heavy fluid the pressures at all points in 
the same horizontal plane are equaL 

11. Prove that in a heavy fluid the pressures at any two 
points differ by the weight of a column of the fluid, whose base is 
unit of area, and whose height ia the perpendicular distance be- 
tween the points. 

12. What is meant by the transmissibility of fluid pressure ? 

81. Heavy Liquids. — ^We have seen that in all heavy 
fluids, and therefore in liquids, the pressures at any two 
points differ by the weight of a cylinder of the fluid, whose 
base is unit of area and whose height is the vertical dis- 
tance between the points. 

When a liquid fills a closed vessel, the whole surface of 
the liquid is generally subjected to pressure by the inner 
surface of the vessel. 

When a liquid has a free surface, the space above this 
free surface is generally occupied by a gas (as, for example, 
air or steam), which exerts a nearly uniform pressure on 
the surface. 

Let^ be the pressure at the highest point (or at the free 
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surface) of the liquid, and let ^ be the weight of a cubic 
foot of the liquid Then at a depth of 1 foot the pressure 
is equal to |? + 9, at a depth of 2 feet the pressure is 
f 4- 2^, and so on. 

Therefore at a point x feet below the surface the pressure 
is I? + a^j. 

When liquids are subjected to great pressure as, for 
example, in Bramah's press (§ 97), the applied pressure 
is so great that the pressure caused by the weight of 
the liquid may be left out of account in comparison 
with it 

That is, in the expression jp + 2^, ^ is very small 
compared with jp, and we may therefore neglect tx^ 
and consider the pressure to be uniform and equal 
to^. 

If, on the other hand, the pressure 'p at the surface of a 
liquid is very small, as, for example, in the barometric 
column (§ 91), we may leave it out of account in comparison 
with the pressure caused by the weight of the liquid, and 
the pressure at any point in the liquid is therefore vq. 
That is to say : — 

Whem Oiere is no pressure at the swrface of a heavy liquid^ then 
the pressure at any point is proportional to iis depth behw (he 
surface. 

Examples — 

1. If the pressure of the air on the surface of a lake is 15 lbs. 
on the square inch, and if a cubic foot of water weighs 1000 oz., 
find the pressure at a depth of 100 feet. 

Take a foot as unit of length. Then x = 100. 

. *. the pressure at 100 feet is p + 100 q, 
p = the pressure on a square foot at the surface, 
.-. ^ = 144 X 15 = 2160 lbs., 
q = 1000 oz. » e2t lbs. 
.'.p+lOOq^ 2160 + 6250 = 8410 lbs. 
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This is the preasaie on a square foot ; the pressure on a square 
inch is found by dividing this result by 144. 

2. The pressure at the surface of mercury being zero, find the 
pressure at a depth of 6 feet^ assuming mercury to be 13} times 
as dense as water. 

Heref) = 0, and g = 13} x 62i » 843} lbs. Also a? = 6. 
. '. the pressure = 6^ = 5062} lbs. 
As before, this is the pressure on a square foot; that on a 
square inch is 3&A lbs. 

Examples for Exercise — 

1. The pressure at the surface of a liquid is 10 lbs. on the 
square inch ; that at a depth of 4 feet is 20 lbs. on the square 
inch. Find the weight of a cubic foot of the liquid. 

2. If there be no pressure on the surface of water, at what 
depth will the pressure be 15 lbs. on the square inch % 

3. The pressure on the surface of a liquid is 2 lbs. on the 
square inch, that at a depth of 5 feet is 4} lbs. Find the pres- 
sure at a depth of 400 yards. 

82. Surface of Heavy Liquids. — ^We have seen that in 
heavy fluids, the pressures at all points in the same hori- 
zontal plane are equal It follows that the swrftLce of a 
hea/oy liquid is horizarUdl if all parts of that sur&ce are sub- 
jected to the same external pressure. 

For, if possible, let A and C be two points in the surface 
of a heavy liquid, which are subjected to the same external 

pressure, but are not in the same 

«^^B^^,-JL>7 horizontal plane, and let AB be the 

Y^^^^^^B/ perpendicular from A on the hori- 

V^^Bl^sy zontal plane through C. Then by 

§ 80 the pressure at C exceeds that 
at A by the weight of a cylinder of the liquid whose base 
is unit of area and whose height is AR Therefore the 
pressures at A and G cannot be the same unless they are 
points in the same horizontal plane. 
The proposition as above enunciated is only true in the 
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case of small surfaces. In the case of such large areas as 
lakes, canals, and seas, the directions in which gravity acts 
at distant points in the surface are not even approximately 
parallel. Each small part of the surface is very approxi- 
mately a plane perpendicular to the direction of gravity at 
that part, but the whole surface is approximately spherical. 
The figure represents a section of the surface of one of 

the larger oceans 
made by a plane 
passing through the 
earth's centre, the 
curvature being 
enormously exag- 
gerated. The arrow heads show the direction of gravity 
at different points of the surface. 

83. Pressures on the^Sides andJBase of a Vessel con- 
taining a Heavy Liquid. — We have seen that the pressure 
at any point of a heavy liquid is equal to p + a^. p re- 
presents the atmospheric (or other) pressure on the surface 
of the liquid, and may be left out of account, in considering 
the pressure due to the liquid. 

Thus the pi*es8ure on^the interior surface of the vessel at 
any point is xq^ where x is |the depth of that point below 
the surface of the liquid. Suppose the vessels represented 
in the diagrams below to be filled to the same depth with 
water, then the pressures at any point in their bases (sup- 
posed horizontal) are the same. Thus the whole pressure 
sustained by the base of each vessel is equal to the weight 
of a cylinder of water standing on that base and terminated 
by the surface of the liquid. 

In the firstjfigure the vessel is cylindrical 
and the pressure on the base is equal to the 
weight of all the liquid in the vessel, pres- 
sure on the sides being horizontal. 
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In the Bflcond figure, the pressure on the base is less than 

the weight of the Uquid in the vessel, by 

&s=J^ the weight of the portion of Uquid contained 
^"^ffiHn/ in the wedgtwhaped ring which Burrounds 
'iiJ^ the dotted cylinder. The pressure on the 
sides may in thU case be resolved into two componente, one 
horizontal and the other vertically downwards. The latter 
is equal to the weight of the hquid in the wedg^haped rmg. 
In the third figure, the pressure on the base is more than 
the weight of all the liquid in the vesaal, ^q 

and the pressure on the sides has a com- jLiL^ 

ponent acting vertically upwards. This K^/l-%--^ 
component is equal to the weight of the ^^Jt ^^w| 
liquid which would be vertically over ^ g# ^ 
the sides if the hquid stood at the same 
level outside and inside the vesseL Thus the res^Uiid 
downward pressure cauaed by the liquid is found by sub- 
tracting the upward pressure on the sides from the down- 
ward pressure on the base, and is, as in the other cases, 
equal to the weight of the fluid in the vessel. 

81. PresBure on a Body immeraed in a Fluid.— Let S be a 

BoUd body immersed in a fluid. Suji- 

P pose S removed, and the space occupied 

^ by it filled by the fluid. 

I Then the portion of the fluid 

^ occupying the space S is acted on only 

by its weight, and by the pressure of the surroundmg fluid, 

and, since there is equilibrium, these must be equal 

But the pressures of the surrounding portions of the fluid 
depend only on the depth, and an. therefore the same, 
whether the space S is occupied by a hquid or a sohd._ 

Therefore the resultant pressure on the sohd is vertically 
upwards, and is equal to the weight of that part of the 
fluid which would fill the same space. 
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85. WeigMiig in Air and in Water. — ^When a body is im- 
mersed in any fluid, we have seen that the resultant 
pressure of the fluid on the body is upwards, and equal to 
the weight of that portion of the fluid which the body 
displaces. 

Thus when any body is surrounded by air, the air exerts an 
upward pressure on it equal to the weight of the same volume 
of air. If, as in the case of a balloon or a mass of heated 
air, the density of the body is less than that of the sur- 
rounding atmosphere, the upward pressure is greater than 
the weight of the body, and therefore causes the body to 
ascend. Similarly the downward pressure which any body 
surrounded by air exerts on the hand, the ground, or the 
scale of a balance, is not, strictly speaking, equal to the 
weight of the body, but to the weight of the body 
diminished by the weight of the air which it displaces. 

To find the exact weight of a body, it must therefore be 
weighed in a vacuum. In the case of ordinary solids, 
however, the loss of apparent weight due to atmospheric 
pressure is so small that it may be neglected when com- 
pared with the whole 
weight of the body. 

On the other hand, when 
a solid body is immersed 
in water, oil, or any other 
heavy liquid, the apparent 
loss of weight is generally 
considerable, and we 
shall presently see that 
this process, combined 
with ordinary weighing, 
enables us to ascertain 
the density of the body. 
The diagram shows how this loss of weight may be 
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ascertainecL Bodies soluble in water may be weighed in 
oil, or they may be encased in a thin film of wax. 

Examination on Sbctions 81 — 85. 

1. ProYe that the pressure at any point in a liquid is equal to 
the pressure on the free surface together with the pressure caused 
by the weight of the liquid. 

2. Explain under what circumstances the pressure in a liquid 
is approximately unifonn, and under what circumstances it 
may be considered to be proportional to the depth below the 
surface. 

3. Prove that the sur&use of a liquid at rest is a horizontal 
plane. 

4. Explain why the proof of the preceding proposition applies 
ohly to small surfaces. 

5. Prove that the pressure on any portion of the horizontal 
base of a vessel containing liquid is equal to the weight of the 
liquid which would be contained in a cylindrical figure erected 
on that base and terminated by the surface of the liquid. 

6. Mention, and illustrate by a diagram, cases of vessels in 
which the whole pressure on the base is (1) greater, and (2) less 
than the weight of all the fluid in the vesseL 

7. Show that in both cases of the last question the resultant 
downward pressure on the base and sides of the vessel is equal to 
the weight of the fluid contained in the vesseL 

8. A body is immersed in a fluid. Find the resultant of all 
the pressures exerted by the fluid on the surface of the body, 

9. Prove that, when a body surrounded by any fluid is weighed, 
the result is not the true weight of the body. 

10. Show by examples that fluids exert an upward pressure on 
bodies immersed m them. 

86. Specific Gravity. — The weight of a given volume of 
any substance compared with the weight of an equal volume 
of a standard substance is called the Specific Gravity of the 
substance. 

The standard substance employed is distilled water at 
the temperature of its maximum density (4*^ centigrade). 
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The specific gravity of water is therefore unity. 

It follows that ilw specific gravity of any body is equal 
to the weight of (he body divided by the weight of an equal 
volume of water. 

Let W be the weight of the body, W the weight of an 
equal volume of water, then if s be the specific gravity of 
the body, — 

5 = -^; (30) 

or, multiplying both sides by fF', — 

fF=8fF' (30') 

Since the weights of bodies are proportional to their 
masses (see § 34), and the masses of equal volumes of differ- 
ent bodies are proportional to their densities (see § 77), it 
follows that the specific gravities of bodies are proportional 
to their densities. 

Thus a table of densities may be converted into a table 
of specific gravities by dividing the density of each sub- 
stance by that of water. 

Examples — 

1. The densities of water, oak, iron, and mercury, were found 
in § 77 to be 62}, 73, 432, and 812 respectively, find their speci- 
fic gravities. 

Dividing the density of each by that of water we obtain — 

Specific gravity of water = — — = 1. 

62} 



» 9> 



yy yy 



» » 



■73 
,, oak = = 1'2. 

" 62} 

432 

mercury = — = 13. 
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2. The specific gravity of silver is 10^, find the weight of a 
cubic inch. 

The weight of a cubic inch of water is lbs. 

^ 1728 



By (30') W^bW, 



but B = lOi, W = 



1728' 



_ 62J 875 

1728 2304 

3. A piece of wood weighs 23 lbs., and the same volume of 
water weighs 25 lbs., find the specific gravity of the wood. 

^ . s >r 23 

By (30) s = — — = — . 

^ ^ * IF' 25 

4. Thirty-one cubic centimetres of gold weigh 599 grammes, 
find the specific gravity of gold. 

In using the metrical system it is important to remember that 
a cubic centimetre of distilled water weighs 1 fframme. 
,', thirty-one cubic centimetres of water weigh 31 grammes. 

W 599 

•••^y(3o) ' = lr"""3r^^^*^- 

Examples for Exercise — 

1. A cubic foot of copper weighs 540 lbs. ; find its specific 
gravity. 

2. The specific gravity of ice is -j^. Find (1) the volume 
occupied by one ton of ice ; (2^ the weight of a cubic yard of ice. 

3. Sixteen cubic centimetres of zinc weigh 108'8 grammes ; 
find its specific gravity. 

87. Specific Gravity found by Weighing in Water. — 
When the volume and weight of a body are known, its 
specific gravity may be found by the methods of § 86. 
When the volume is not known, we may find the weight of 
an equal volume of water, by weighing the substance in 
water, and observing by how much the weight in water is 
less than the true weight. 
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Thus if ^ be the weight of the body, «; be its weight 
when weighed in water, W—vo is the portion of its weight 
sustained by the pressure of the water, and is therefore 
equal to the weight of an equal volume of water (§ 84). 

W W 

Examples — 

1. A piece of ivoiy weighs 3 lbs. iq air and 1*4 lb. in water, 
find its specific gravity. 

T> ,..,x ^ 3 3 30 

By (31) s = — « = — = — = Ij. 

^ ^ ^ W-w 3-1-4 1-6 16 ' 

2. A piece of wood weighing 6 lbs. is attached to a piece of 
metal weighing 10 lbs., and the whole weighs 7 lbs. in water. 
The metal alone weighs 9 lbs in water. Find the specific gravity 
of the metal and of the wood. 

For the metal we have by (31) 

W 10 

^^-^^ = ;r = io. 

W-w 10-9 

To find the specific gravity of the wood, we observe that the 
whole weight of the body and metal is 15 lbs., and therefore the 
upward pressure of the water sustains a weight of 8 lbs. But 
the water displaced by the metal weighs 1 lb. Therefore the 
water displaced by the wood weighs 7 lbs. 

, , V W b 

•••by(30) « = -^ = y. 

Examples for Exercise — 

1. A certain substance weighs 14 lbs. in air and 10 lbs. in 
water. Find its specific gravity. 

2. A body A, weighing 10 lbs., is attached to a body B, which 
weighs 6 lbs., and the whole is found to weigh 3 lbs. in water. 
If A weigh 6 lbs. in water, find the specific gravity of each. 

3. A piece of cork, weighing 1 lb., is attached to 21 lbs. of 
silver, and the whole weighs 16 lbs. in water. If the specific 
gravity of cork is \, find that of silver. 
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88. Spedile GzaTity of Fhiids. — ^The specific grayity of 
any given fluid may be ascertained by weighing the same 
body both in water and in the fluid, and comparing the 
apparent losses of weight 

Thus if ^ be the real weight of the body, w its weight 
in water, and w^ its weight in the fluid, W —wir the weight 
of the water dispkced by the body, and ^- tr^ is the weight 
of the given fluid displaced. 

Thus the weight of a fixed volume of the fluid, divided 
by the weight of an equal volume of water is — 

^ = ^=^ (32) 

W-w ^ ' 

A more direct method of finding the specific gravity of a 
fluid is given below in example 4. 

Examples — 

1. A body weighs 1000 grains in air, 300 in water, and 
420 in another liquid, find the specific gravity of the latter 
liquid. 

^ . V W-w^ 1000-420 580 29 

By (32) *, = = = = — . 

^ ^ ^ * W^w 1000-300 700 35 

2. A mass of 10 lbs. weighs 6 lbs. in a fluid A and 8 lbs. m 
a fluid B ; compare the specific gravities of A and B. 

Here A supports 4 lbs., B 2 lbs. Thus the weights of equal 
volumes of A and B are as 4 to 2, that is as 2 to 1. 
Therefore the specific gravity of A is twice that of B. 

3. A body weighs 5120 grains in a vacuum, 4120 in distilled 
water, 4095 in salt water, fiud the specific gravities of the 
body, and of the salt water. 

By (31) the specific gravity of the body is 

W 5120 
g ^ ^ 5*12 

W-w 5120-4120 
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By (32) the specific gravity of the salt water is — 

W-w. 5120-4096 

, = i = = 1-026. 

* W-w 5120-4120 

4. A bottle weighs 3 oz. It is filled with water and found to 
weigh 12 oz. ; it is then fiUed with oil, and found to weigh 11 oz. 
Find the specific grayity of the oil. 

Here the weights of equal volumes of the water and oil are 
found, by subtracting the weight of the bottle, to be 9 oz. and 
8 oz. respectively. 

••• By (30) ,.=-£-_!. 

5. Three lbs. of a fluid A, whose specific gravity is 1^, are 
mixed with 2 lbs. of a fluid B, whose specific gravity is }. Find 
the specific gravity of the mixture, assuming that its volume 
remains unaltered. 

Here the whole weight is 5 lbs., and we must find the weight 
of the water which would have the same volume. 

In fluid A, I lb. occupies the space of 1 lb. of water, 
.-.lib. „ „ 41b. „ 

.'.3 lbs. „ „ 2} lbs. „ 

In fluid B, i lb. „ „ 1 lb. „ 

.-.lib. „ „ I lb. „ 

. *. 2 lbs. „ „ 2} lbs. „ 

. *. 3 lbs. of A + 2 lbs. of B occupy the space of 2| + 2f » 
5-T7 lbs of water. 

.'. by (30) s = = .Tft 

Examples for Exercise — 

1. A body weighs 6 oz. in a vacuum, 4 in water, and 3 in 
another liquid. Find the specific gravities of the body and of 
the second liquid. 

2. A mass of 4 lbs. is found to weigh 1 lb. in a liquid {s,g, |). 
Find the specific gravity of the body. 

3. A bottle weighs 10 grains when exhausted of air. When 
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air is admitted it weighs 10} grains. When filled with water it 
weighs 510 grains. Find the specific gravity of air. 

4. Find the specific gravity of a miztore containing \ cabic 
inches of copper («.</. 9), and 6 cubic inches of zinc, («.^. 7), 
assuming that the volume of the mixture is 10 cubic inches. 

89. Floating Bodies. — When a body is spedfically lighter 

than a liquid in which it is immersed, the upward pressure 

of the liquid (§ 84) causes the body to rise to the surface, 

and to float partly above and partly below the surface. 

When in equilibrium, the weight of the body, acting 

vertically downwards through its centre 
of gravity, is supported by the upward 
pressure of the liquid which is equal 
to the weight of the liquid displaced, 
and acts vertically upwards through the centre of gravity 
of the liquid displaced. Thus the weight of the liquid dis- 
placed is equal to the weight of the floating body, and the 
two centres of gravity are in the same vertical line. 

If, then, the body is of uniform density, and we know 
what fractional part of the body is immersed, we can find 
its specific gravity. 

Let W be the weight of the body, and let — of the body 

be immersed. Then the weight of the portion immersed 
is — of the weight of the whole body, and is therefore 

y 

xW 
equal to • Dividing the weight of this portion by JV, 

y 

the weight of the water which it displaces, we obtain — 

X 
S = —— • . • • (vO). 

y 

When this fraction cannot be ascertained, the specific 
gravity maj be found by attaching a sinker, and proceed- 
ing in the manner shown in § 87, example 2. 

124 



FLOA TING BODIES 89 



Examples — 

1. A body floats with three-fourths of its volume immersed. 
Find its specific gravity. • 

By (33) s = --I- 

2. A rod of wood floats with one-third of its volume out of 
the water. Find its specific gravity. 

Here the portion immersed = 1 — T~^ ^^ *^® '^^ 

2 

•••* = ¥ 

3. The specific gravity of mercury is 13|. A piece of iron 
containing 27 cubic inches floats in mercury with 15 cubic inches 
below the surface. Find its specific gravity. 

If the specific gravity of mercury were taken as unity, that of 
the iron would be ^, but since the specific gravity of mercury 
is 13^ that of the iron is \^ of 13^ » 7^. 

Examples for Exercise — 

1. What is the specific gravity of a substance which floats 
with ^ji of its bulk above the surface of water ? 

2. What is the specific gravity of a body which, when placed 
in water, is wholly submerged, but does not sink ? 

3. A body, which weighs 6 lbs., floats in a liquid with one- 
third above the surface. What pressure must be applied to keep 
the body wholly submerged ? 

Examination on Sections 86 — 89. 

1. Define Specific Gravity. How is it measured ? 

2. What substance is taken as a standard in determining 
specific gravities ? 

3. Show that the specific gravities of any number of substances 
are proportional to their densities, and explain how a table of 
specific gravities may be formed from a table of densities. 

4. Explain how the specific gravity of a substance may be 
approximately obtained by weighing it in air and in water, and 
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prore that, if Tf be the weight of the body, and w ita wei^t in 

vat«r, the specific gr&vily is equal to -=^ — 

0. Explain two methods by which die specific gravity of a 
fluid can be ascertained. 

6. What are the oonditiona of equilibrium of a floating 
body? 

7. Mention two methods of finding the specific gravity of a 
body which floats in water. 

90. Boyle's Lav. — This law, vihv^ cotituctstht pressure and 
volume of gases, was diecovered by the Honourable Bobert 
Boyle, one of the fonnderB of the Royal Society of London. 
It is sometimes called MarioUe's Law after a French 
physician Mariotte, who is believed to have discovered it 
independently; but there can be no donbt as to Boyle's 
priority, as hia work on gases was published in 1662, while 
Mariotte's was published fifteen or eighteen years later. 

It is as follows : — 
The pressure of gas is inversely pn^orlvmai to the volume. 
Let M be a quantity of gas enclosed in a cylinder, occu- 
pying a volume Y, and subjected to a pressure p 
by means of a piston. By § 81 the pressure at 
any point in the gas is equal top + the pressare 
due to the weight of the ga& But in this case 
the pressure due to the weight is so small, that 
we may neglect it, and consider the pressure at 
any point in the cylinder to be equal to p. If 
now the pressure on the piston be increased to 
2p, the piston will be forced down until the 
volume of M is reduced to ^V, when the pressure 
at every point throughout the gas will be equal 
to 2j>. Similarly, if the pressure be made 3p, 
the volume will be reduced to JV. If, on the other hand, 
the pressure on the cylinder be diminished to ^, the gas 
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will expand, forcing up the piston until the volume is Vi, 
If the pressure be diminished to \py the volume will increase 
to 3y, and so on. 

This may be expressed by the equation, — 

i' = Y. (34) 

which may also be written, pV = C or V = — , C being con- 
stant and equal to the pressure of the gas at unit volume. 
Comparing (34) with equation (29') — 

M 

we see that Boyle's Law may be expressed in this form : — 
The pressure is proportional to the density. 

Examples — 

1. A bladder contains 24 cubic inches of air when exposed to 
the pressure of the atmosphere. Find its volume when (1) the 
pressure is increased to 3 atmospheres ; (2) diminished to ^ of an 
atmosphere. 

(1) Since the pressure is tripled, the volume will be reduced 
to i, and is therefore ^ of 24 = 8 cubic inches. 

(2) Since the pressure is diminished to ^, the volume will be 
increased to four times its former value, and is therefore 
4 X 24 = 96 cubic inches. 

2. The pressure on the surface of the sea is 2160 lbs. on the 
square foot, and the weight of a cubic foot of water is 62^ lbs. If 
a diving bell contain 179 cubic feet of air at the surface, into 
what space will the air be compressed when the bell is lowered 
to a depth of 80 feet] 

C 

Using the formula i? = y, at the surface of the sea- 

p = 2160, and V = 179. 
.-. C=i)V = 2160x 179. 

By § 81 the pressure at a depth of 80 feet is — 
p-¥ xq = 2160 + 80 X 62J = 7160. 
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Call this pressure p' , and the volume of the air in the diving-bell 
at this depth V . Then by (34)— 

C 2160 X 179 64x40x179 
"y*" 7160 " 40X179 " " 

Examples for Exercise — 

1. A cubic foot of air weighs 570 grains at a pressure of 

15 lbs. on the square inch. What will it weigh at a pressure of 

16 lbs. ? 

2. If the specific gravity of air at the surface of the sea be '001^ 
at what depth will the air in a bladder be compressed to the- 
density of water, assuming the pressure at a depth of 100 feet ta 
be four times the pressure of the atmosphere ? 

91. The Barometer. — ^The pressure of the atmosphere is- 
ascertained by the barometer. This instrument is con- 
structed in the following manner : — 

A glass tube AB, about 32 inches long, sealed at one end 
A, is filled with mercury. The end B is 
then closed and placed under the surface of 
some mercury in a vessel, and the tube is 
held in a vertical position. When B i» 
opened the mercury in the tube falls a short 
distance, leaving an empty space above, but 
the surfEU^ remains about 29 or 30 inches 
higher than that of the mercury in the 
vesseL 

The space above the mercury in the baro- 
meter contains a little vapour of mercury, 
but is practically a perfect vacuum. There 
is therefore no pressure on the surface of 
the mercury within the tube, and the pressure at any point 
below is proportional to its depth below this surface (§81). 
The pressure at the level CD is equal to the pressure of the 
atmosphere. Thus the pressure of the atmosphere is pro- 
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portionai to the hei^t of the mercury in the tube of the 
barometer. A barometer may be constructed of any liquid, 
but mercury is nearly always employed on account of its great 
density. K water be employed, since mercury is 1 Z\ times 
as dense as water, the column of water wiU be 13^ times 
the length of the column of mercury, that is, about 33 feet 
At any point above the surface of the earth, the pressure is, 
by § 80, less than that on the surface of the earth, and 
therefore the mercury in the barometer is lower. Thus the 
height of a mountain, or of the ascent of a balloon, may be 
approximately found by means of a barometer. 

Since by Boyle's law the density is proportional to the 
pressure, the atmosphere becomes less dense the farther 
it is removed from the surface of the earth, thus differing 
altogether from the water of the sea, which retains very 
nearly the same density at all depths, although the pressure 
at the lowest depths is very great indeed. 

92. The Syphon. — ^The syphon is a bent tube open at 
both ends. It is used to bring a liquid from a higher to a 
lower level over an obstacle such as the side of a vessel. 

Let ABC be a bent tube, and let it be filled with the 

same liquid as that which is con- 

^^^^ tained in the vessel to be emptied. 

^^ ^ Let both ends be closed, and one 

D^r ]2% end A placed below the surface 

^jtt^^Ml %" ^^ *^® liquid in the vessel, the 
wW^^V % end C being outside the vessel 

% and also below the surface. 
% Let the end A be now opened, 
C* and let D and E be the points 
where the syphon meets the plane of the surface of the 
liquid. Then, since the pressure is the same at all points 
in the same horizontal plane, the pressures within the 
syphon at D and E are each equal to the pressure of the 
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atmosphere on the surface of the Uquid in the veaseL This 
pressure will support the portion of the liquid DBE, unless 
the height of B above the surface is greater than the height 
of a barometric column of the liquid. 

At the end C the pressure of the liquid within the 
syphon is, by § 81, greater than the pressure at £, and 
therefore greater than the pressure of the atmosphera 

It follows that when G is opened, the pressure of the 
atmosphere will be unable to sustain the liquid in the tube, 
and it wiU therefore flow through the tube until the level 
of the liquid in the vessel £eJ1s below either A or G. 

93. The Air Pump. — ^This is a machine for diminishing 
the quantity of air in a vessel It consists of a cylinder 

AB, in which a pistcm P is moved al- 
ternately up and down, a tube leading 
from the cylinder to the vessel V from 
which air is to be removed. In the 
piston P, and at the bottom of the 
cylinder B, there are valves opening 
upwards, that is, apertures which are 
closed, if the pressure of the air above 
them is greater than that below, but 
which immediately open, and allow 
air to pass through them, if the pressure below is greater 
than the pressure above. 

When the piston is pushed down, as in figure 1, the air 
in PB is condensed, and therefore, by Boyle's Law, its 
pressure is increased. The effect of this is to close the valve 
at B, and open the valve at P. As the piston descends, 
l^e air escapes through P, and finally a very small quantity 
of air remains in the cylinder. The piston is now drawn 
up, which causes the air inPB to expand, and therefore to 
exert less pressure than the outside atmosphere. The valve 
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Figure 1. 
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P is therefore closed and that at B opened. 
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As the piston rises the air in Y expands, and fills both 
the vessel and the cylinder. When the motion of the piston 
is reversed, the valve B is immediately closed, and as soon 
as the density of the air in PB exceeds that of the outer 
atmosphere, the valve P is opened (as in jGigure 1), and the 
process continues as before. In this way more and more 
air can be removed from V, but, as only a part of what re- 
mains can be removed by each stroke, we can never, by this 
process, obtain an absolute vacuum. 

In Sprengel's air pump the vessel from which air is to be 
taken is placed in comJn^nication with the vacuum of a baro- 
metric tube, and the air is removed by a continuous flow of 
mercury from a vessel at the top of the tube. By its use the 
density of air may be reduced to t oooooo of its ordinary 
value. 

94. Tke Oondenser. — If both valves of an air pump are con- 
structed to open downwards instead of upwards, it becomes 

a condenser, an instrument for forcing 
additional air into a vessel. When the 
piston is lowered (as in figure 1), the 
air in PB is condensed, the valve P 
is closed, and, as soon as the density of 
the air in PB exceeds that of the air 
in y, the valve B is opened and air 
enters V. 
When the piston is raised (figure 2) 
the air in PB expands, and its pressure being diminished, 
the valve at B is closed, and, as soon as the density of PB is 
less than that of the atmosphere, the valve P is opened and 
air enters the cylinder. The alternate motion of the piston 
is continued, and more air is forced into P with each 
stroke. 

The efficiency of both the air pump and the condenser is 
increased by making the piston rod work in an air-tight 
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collar and adding a valve at A, as in that case the density 
of the air in PB need only exceed the density of that in 
AP in order to open (or close) the valve at P. 

95. The Common Pnmp. — This pump (often called the 

Suction Pump or the Lifting Pump), is 
used for raising water and other liquids. 
Its construction is the same as that of 
the air pump, except that the tube at 
the bottom of the cylinder, instead of 
leading into a closed vessel, dips into 
the liquid to be raised. The working 
of the pump removes air from this tube. 
The pressure of the atmosphere on the 
surface of the liquid outside causes the 
liquid in the tube to rise, until the 
weight of the column of liquid in the 
tube, together with the diminished pres- 
sure of air, are equal to the atmospheric pressure. 

Thus water cannot be raised by a common pump higher 
than the column of water in a water barometer (say 33 feet). 
Similarly, mercury cannot be raised more than about 29 
inches. 

When the length of the tube does not exceed this limit, 
the exhaustion of air is continued until the liquid passes 
through B, then through the valve in the piston. Each 
stroke of the piston now raises the water above it, and finally 
causes it to flow out at the spout. 

96. The Force Pnmp. — In the force pump a solid piston 
or plunger L is moved alternately up and down within 
a vessel AB, in which there are two valves, one at C 
opening outwards through which the liquid is forced, 
the other at D opening inwards for the admission of the 
liquid. 



When the plunger is made to descend, the pressure 
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iu A£ ia increased, the valve D is closed, aiid some 

of the liquid ie 

forced tlirough C; 

when the plunger 

is drawn up, the 

pressure in AB ia 

diminished, C is 

closed, and addi- 
tional liquid from 

the reservoir enters 

at D. It is, of 

course, necessary 

that the height 

of A above the 

liquid in the re- 
servoir must not exceed the height of the column which can 

be supported by the pressure of the atmosphere. 
The fire engine is an example of a double force pump, a 

continuous stream of water being produced by the aid of an 

lur chamber. 

97. Bramata's Press. — 
This machine (sometimes 
called the kydravik press) 
is used for exerting great 
pressure. 

Itconsiatsof a force pump 
AB, which drives water 
through C into a vessel W. 
The pressure thus caused 
forces up a solid cylinder 
. F, and the substance to be 
compressed is placed be- 
tween F and a fixed plate H. 
To find the pressure which this machine can exert, let us 
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suppose that the area of the extremity of the plunger L is 
one square inch, and that of the extremity of F is 400 
square inches. While the plunger descends the valve C is 
open, and therefore the pressure is the same at any two 
points in the same horizontal plane throughout the 
liquid. 

If therefore L is pressed downwards with a force of 100 
lbs., the extremity of F will be pressed upwards by a force 
of 100 lbs. on the square inch (the difference of pressure 
due to any difference of level being so small that we may 
disregard it). Thus the whole upward pressure exerted on 
F is 100 X 400 = 40,000 lbs. 

Example for Exercise — 

Find the pressure exerted by a Bramah's Press in which the 
diameters of the pistoiis are as 3 to 50, and the applied force is 
72 lbs. 

Examination on Sections 90 — 97. 

1. Give Boyle's Law. By what other name is it known 1 

2. Assuming Boyle's Law connecting pressure and volume in a 
gas, deduce the relation between pressure and density. 

3. Describe the construction and use of the barometer. 

4. Explain the action of the syphon. 

5. Describe the common air-pump, illustrating its actions by 
means of diagrams. 

6. What is the principle of Sprengel's air-pump ? 

7. Describe the condenser. 

8. Describe the common pump, showing it cannot raise water 
above a certain height. 

9. Describe the force pump, and Bramah's press. 

General Examples in Htdrostatics. 

1. If 319 cubic inches of cork weigh as much as 11 cubic 
inches of iron, compare their densities. 

2. The atmospheric pressure being 15 lbs. on the square inch 
and the weight of a cubic foot of water being 1000 ounces, find 
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the pressures exerted on a square inch at the following depths 
below the surface of water : — 

(I) One foot. 

(8) £ighl7-£ve feet 

(3) Three miles. 

3. With the data of last question, if the density of mercury be 
13^ times that of water, find the pressure on a square foot at the 
following depths below the surface of mercury : — 

(1) One inch. 

(2) Six feet 

(3) One mile. 

4. Neglecting the pressure of the atmosphere, compare the 
pressures at a depth of 17 feet under water, and at a depth of 
15 inches under mercury, assuming that their densities are in 
the proportion of 3 to 34. 

5. A vessel, in the form of a cube measuring 3 feet each way^ 
is filled with water ; find — 

(1) the pressure on its base in vacuo. 

(2) the same in air. 

(3) whether the vessel, if just strong enough to contain the 

water in vacuo, will be able to contain it when air is 
admitted. 

6. A cubic inch of mercury weighs 8 ounces, and the atmos- 
pheric pressure is 14^ lbs. on the square inch, find the pressure — 

(1) on a square inch 4 inches below the surface of mercury. 

(2) on the base of a vessel of mercury one foot square, the 

mercury being 7 inches deep. 

7. A vessel contains mercury, and over the mercury 10 inches 
depth of water, find (with the data of examples 2 and 3) to one 
decimal place the pressures on a square inch at the following 
depths below the surface of the water : — 

(1) Six inches. 

(2) One foot 
(8) Three feet 

8. Find the specific gravities of the following substances, the 
first number expressing the mass of a portion of the substance, 
the second that of an equal volume of water : — 

(1) Gold ; 145 ounces, 7^ ounces. 
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(2) Diamond ; 5^ grams, 1^ grain. 

(3) Ether ; 18 drachms, 25 drachms. 

9. A lump of lead weighing 1 lb. 6 oz. (specific gravity 11) is 
suspended in water by a string. Find the tension of the string. 

10. Find the specific gravities of the following substances, the 
first number being the apparent weight of a portion weighed in 
air, the second that of the same portion weighed in water : — 

(1) Lead ; 12 lbs., 10^ lbs. 

(2) Brass ; 16} lbs., 14} lbs. 

(3) Copper ; 31^ grains, 28 grains. 

(4) Ivory ; 6"08 oz., 2*81 oz. 

11. Find, to two decimal places, the specific gravities of the. 
following substances which float in water, the first number being 
^e number of cubic inches above, the second that below the 
surface: — 

(1) Beech ; 12, 71. 

(2) Pine ; 112, 217. 

(3) Ice ; 62, 713. 

12. A piece of cork floats in water with 40^ cubic inches above 
the surface. If the specific gravity of cork be ^, find — 

(1) the whole volume of the cork. 

(2) how many cubic inches would be above the surface if 

the cork were caused to float in mercury {9,g, 13^). 

13. The specific gravity of sea- water is 1*026. A piece of 
metal weighing 36'51 lbs., weighs 32*11 lbs. in distilled water. 
What does it weigh in sea- water % 

14. A piece of gold, weighing 5 lbs. in air and 4*74 in water, 
has the following weights : — 

(1) In sulphuric acid, 4*52. 

(2) In hydrochloric acid, 4*68. 

(3) In alcohol, 4*79. 

Find the specific gravities of these liquids to two decimal 
places. 

15. Find the specific gravity of a body, the volume of which is 
16 cubic centimetres, and the weight 100 grammes. 

16. A body, weighing 26 grammes, floats in water with two- 
thirds of its bulk submerged ; find its volume. 

17. A certain body A is observed to float in water with half 



GENERAL EXAMPLES 



its volume submerged, and when attached to another B of twice 
its own volume, the combined mass is jnst submerged. Find the 
specific gravities of A and B. 

18. A piece of platinum weighing 15 lbs. is attached to a piece 
of iron weighing 10 lbs., and the whole is found to weigh 1 lb. 
in mercury («.^. 13^). The platinum by itself weighs 6 lbs. in 
mercury; find — 

(1) the specific gravity of platinum. 

(2) „ „ iron. 

(3) the weight in water of the piece of platinum. 

(4) „ „ „ iron. 

19. A body A, whose specific gravity is }, is attached to a 
body B of equal volume, and the two together just float in 
water ; find the specific gravity of B. 

20. A cubic foot of cork is made to float in water with its top 
horizontal, and the base is then found to be 2'9 inches below the 
surface. Find its specific gravity. 

21. A cubic foot of iron (s.g, 7^) floats in mercury (9,g, 13^). 
How many cubic inches are above the surface ? 

22. A cubic foot of water weighs 1000 oz., and a cubic inch 
of zinc weighs 4 oz. Find the specific gravity of zinc. 

23. A small vessel, exactly filled with distilled water, weighs 
530 grains, a small stone weighing 26 grains is thrown in, and 
an equal bulk of water is thus forced out. The vessel now 
weighs 546 grains. Find the specific gravity of the stone. 

24. A stone of specific gravity 2*5, weighing 5 cwt., is sunk in 
water. What force is required to raise it ? 

25. A body weighs 25 lbs. in air, 20 in water, 21 in alcohol. 
Find the specific gravity — 

(1) of the body. 

(2) of the alcohol. 

26. The weight of a cubic inch of mercury being half a lb., 
find the pressure on a square inch at the following depths below 
the surface of the mercury in the tube of a barometer : — 

(1) 5 inches. 

(2) 27 inchea 

(3) 31 inches. 
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27. If the height of liie mercurial barometer be 29*6 indies, 
what ifl the height of the water barometer ? 

28. A piece of cork {9,g. ^) weighing 1 lb. is attached to 34 
Ibe. of lead. The whole weighs 28 lbs. in water. Find the specific 
gravity of the lead. 

29. A block of iron weighs 4*65 lbs. in air, 4 lbs. in water, and 
3*85 lbs. in oiL Find the specific gravity of the oiL 

30. A piece of wood weighs 6 lbs. A block of lead weighing 
17 lbs. is attached to fit, and the whole mass weighs 14 lbs. in 
water. Find the specific gravity of the wood, that of liie lead 
being 11}. 

31. A cylindrical cork floats in water with one inch above the 
surface and V5y of an inch below. What is its specific gravity ? 

32. A piece of oak {s,g, *74) of 32 cubic inches floats in water. 
How much water does it displace % 

33. If the weight of a cubic inch of mercury be 74 oz., what is 
the pressure of the air on a square inch, when the barometer 
stands at 29} inches % 

34. Two bodies, which weigh 9 lbs. and 10 lbs in air, weigh 
each 4 lbs. in water, compare their densities. 

35. A piece of silver weighing 1 lb. appears to lose *095 lb. 
weight when surrounded by water. Find its specific gravity to 
two decimal places. 

36. An Ice-berg floats with 1000 cubic feet above the surface 
of the sea. Find its volume, assuming its specific gravity to be 
*925, and that of the sea 1*025. 

37. A mercurial barometer is constructed under 27 feet of 
water. How high will the mercury stand in it when the reading 
of a barometer at the surface is 29 inches ? 

38. A barometer in which a little air has got into the upper 
part is found to record 28 inches when it should record 30. If 
the volume of the space above the mercury be 7} cubic inches, 
what would be the volume of the air within it at the atmospheric 
pressure ? 

39. In a Bramah's press the piston of the force pump is pressed 
down by means of a lever, the length from the fulcrum to the 
end of the piston-rod being 3 inches, and from the fulcrum to the 
hand 21 inchea The diameter of the small piston is 1 inch, that 
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of the large piston 8 inches. How many tons will the machine 
raise if a force of 20 lbs. be applied to the handle of the lever ? 

40. A man finds that he can just float in fresh water (a cubic 
foot of which weighs 1000 oz.), and that his body displaces 3 
<;ubic feet of water ; — 

(1) How many cubic feet would he displace when floating 

in sea water of specific gravity 1'026 ? 

(2) What weight could he now bear (clear of the water), so 

as again to have his whole body just immersed ? 

41. Assuming the specific gravity of mercury to be 13*566, 
find the height of a barometer formed of a liquid whose specific 
gravity is 1'5, the height of the mercurial bai*ometer being 30 
inches. 

42. If the diameter of the smaller piston of a Bramah's press 
be diminished one-half, what effect is produced on the magnitude 
of the force which the engine is capable of exerting % 

43. The diameter of the two cylinders of a hydraulic press are 
25 inches and 1 inch respectively, the mechanical advantage of 
the lever employed is 14 ; calculate the mechanical advantage of 
the press. 

44. A cylindrical jar is immersed mouth downwards in water, 
at what depth will it be } full of water ? 

45. If a cylinder containing air at the ordinary atmospheric 
pressure have its volume increased from 20 to 25 cubic inches, 
the temperature remaining the same, what will be the new 
pressure ? 

46. The capacity of a balloon is 30,000 cubic feet The weight 
of the empty balloon and its appendages in air is half a ton, and 
the specific gravity of the gas within it is '45. What will be the 
force tending to make it ascend if a cubic foot of air weigh 
1-2 oz.? 

47. A cubic foot of air weighs 418 grains at a pressure of 15 
lbs. on the square inch. What will a cubic foot of air weigh at 
a pressure of 13 lbs. on the square inch, and at the same 
temperature ? 

48. One pound of lead {i,g, 11) is tied by a thin string to a 
piece of cork («.^. '22), and when they are put in water one-half 
of the cork is immersed ; how much does the cork weigh ? 
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49. A sunken vessel with a bulk of 20,000 cubic feet and 
weighing in air 700 tons has to be raised by attaching to it 
barrels of air, each weighing in air 66 lbs. and having a bulk of 
30 cubic feet. Find how many such barrels will be needed, 
taking a cubic foot of water to weigh 62^ lbs. 
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I 

UNIVERSITY OF CAMBRIDGE 
General Examination for the Ordinary B.A. Degree 

Mechanics and Hydrostatics 

1. Show that forces may be represented in magnitude and 
direction by straight lines, and give one illustration. 

2. Find the magnitude and line of direction of the resultant of 
two paraUel forces acting in the same direction, and deduce from 
your results the corresponding proposition when the forces act in 
•opposite directions. 

3. Determine the force, which, acting parallel to an inclined 
plane, will just support a given weight placed upon it. Find 
also the pressure on the plane. 

Two weights, W and 2 W, are in equilibrium when connected 
by a string passing over the common vertex of two inclined 
planes. Given the inclination of the plane on which TF rests, 
show how the inclination of the other plane may be determined 
by a geometrical construction. 

4. What is meant by the moment of a force about a point ? 
Show how a moment may be represented geometrically. 

5. Find the ratio of the power to the weight in that system of 
pulleys in which each string is attached to the weight. 

6. Define the term centre of gravity; and find that of a 
uniform straight rod. 

A pencil rests on a table with five-twelfths of its length pro- 
jecting beyond the edge. A beetle, whose weight is one-fourth 
of that of the pencil, crawls along it. How far may it crawl 
without upsetting it 1 
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7. Describe the common balance, stating the requisites of a 
good balance, and how they afe obtained. 

How may the true weight of a body be found with a balance 
in which the arms are unequal ? 

8. Define a fluid, and distinguish between a liquid and a gas. 

9. Show that the surface of a liquid at rest is a horizontal plane. 

10. A cylinder open at the top is inverted and immersed ver- 
tically in water, find the depth of the vessel under water when 
half full. 

11. Define specific gravity, and show how to determine the 
specific gravity of a solid body by means of the hydrostatic 
balance, the specific gravity of the solid being greater than that 
of the liquid in which it is weighed. 

A ball of gutta peixsha^ 2 inches in diameter, encloses a ball of 
cork 1 inch in diameter, and floats in water. Specific gravity of 
gutta percha is *98, of cork '24. Find what proportion of the 
volume of the ball will float above the surface of the water. 

12. Describe the common barometer. If the tube be not ex- 
actly vertical, will the indications of the instrument be incorrect? 



II 

UNIVERSITY OF OXFOBD 

Second Public Examination — ^Pass School 

ElemenU of Mechanics 

1. Explain how uniform velocities are meaEured. 

Two men, A and B, run a race, the former having a start of a 
yards. If the speed of B be to that of A as 3 to 2, find how 
many yards A will have run when B overtakes him. j 

2. Enunciate and prove the principle of the parallelogram of 

forces. 

3. How is the parallelogram of forces verified by experiment? 
At what angle must two forces, a' - &^ 2a6 act so that their 

resultant may be a^ + i* ? 

4. Find the magnitude of the resultant of two forces of 13 and 
35 lbs., when the angle between their direction is 60^. 
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5. Define the moment of a force about a point. 

Prove that the moments of two component forces about any 
point situated upon the direction of their resultant are equal. 

6. Find the velocity which a heavy body will acquire by falling 
freely through a height of 3^^ feet {<g = 32-2). 

7. Enunciate Newton's laws of motion. 

Two bodies start together from the same point, and move 
uniformly in directions at right angles to each other ; one body 
moves at the rate of 2m feet per second, and at the end of t 
seconds the distance between them is (1 + rnF)i feet ; find the 
velocity of the other body. 

8. Define specific gravity, and show how to find the specific 
gravity of a mixture of two fluids. 

Equal volumes of two fluids, whose specific gravities are 1 and 
1*7, contract when mixed by one-tenth of their original volume. 
Find the specific gravity of the mixture. 

9. Explain the action of a syphon, and of a force pump. 

10. Explain the principle and construction of the hydrostatic 
press. 

If the diameters of the pistons or plungers be 1 and 9 inches, 
if the lever be jointed to the rod of the smaller plunger at 6 
inches distance from the lever's fulcrum, and if the workman 
press on the lever with the weight of his body, 140 lbs., applied 
at 32 inches distance from the fulcrum, find the pressure in tons 
iBnth which the larger plunger is forced upwards. 



Ill 

UNIVERSITY OF EDINBURGH 

Medical Degree — Preliminary Examination 

Mements of Dynamics 

Kme7nat%c8 

1. Define uniform velocity. 

A railway train, moving uniformly, travels 37^ miles in an 
hour. Find its velocity in feet per second. 

2. A body falls from rest, what is its velocity, after falling for 
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two seconds and a half, and what distance will it fall in that 
time? 

Kmslics 

3. Define mass and momentum. 

A cricket ball weighs 6 ounces, and is moving with a velocity 
of 40 feet per second. Compare its momentum with that of a 
cannon ball which weighs 20 lbs., but is moving with a velocity 
of 18 feet per second. 

4. Enunciate the second law of motion. Show j^hat it enables 
us to investigate the motion of a falling body. 

5. Find the resultant of the following forces : — 5 northwards, 
5 eastwards, 1 westwards, aud 2 southwards. 

8tatic9 

6. Parallel forces of 4 and 6 pounds act in the same directions 
at two points, A and B, in a body. Find at what point in AB a 
single force must act to maintain equilibrium. 

7. State the three kinds of equilibrium, and give an example 
of each. 

8. A horizontal force of 5 lbs. supports a weight of 12 lbs. on 
an inclined plane. Find the pressure on the plane. 

Hydro%tatics 

9. Define a fluid. 

What is the law of pressure at different depths below the 
surface of a liquid % 

10. The specific gravity of lead is 11. What is the real weight 
of a mass of lead which, when suspended in water, seems to weigh 
lib.? 



IV 

UNIVERSITY OF LONDON 
Matriculation Examination 

Natural PhUosophy 

1. State the parallelogram of forces. Explain the meaning of 
the terms employed in your statement: 
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Apply it to show that if four forces acting on a point be 
represented by the sides of a rectangle taken in order, they will 
be in equilibrium. 

2. Explain the meaning of the words composition and resolu- 
tion of forces, and show how forces may be compounded and 
resolved. 

A particle is acted upon by a force whose magnitude is 
unknown, and whose direction makes an angle of 60^ with the 
horizon. The horizontal component of the force is known to be 
1*35. Determine the total force and also its vertical component. 

3. A substance is weighed from both arms of an unequal 
balance, and its apparent weights are 9 lbs. and 4 lbs. Find the 
ratio between the arms. 

4. A balloon is carried along by a current of air moving from 
east to west at the rate of 60 miles an hour, having no motion of 
its own through the air, and a feather is dropped from the balloon. 
What sort of a path will it appear to describe as seen by a man 
in the balloon % 

5. Suppose that at the equator a straight hollow tube were 
thrust vertically down towards the centre of the earth, and that 
a heavy body were dropped through the centre of such a tube. 
It would soon strike one side. Find which, giving a reason for 
your reply. 

6. A body weighs in air 80 grains, in water 56 grains, and in 
another liquid 46 grains. Find the specific gravity of this liquid. 

7. "What becomes of the weight which the body, in the last 
question, appears to lose % 

8. A cylindrical bell 4 feet deep, whose content is 20 cubic f eet* 
is lowered into water until its top is 14 feet below the surface of 
the water, and air is forced into it until it is three-quarters full. 
What volume would the air occupy under the atmospheric pres- 
sure — ^the water barometer being at 34 feet 1 

State the principles on which your answer is based. 
\Thii ExaminaUion also coTUains Questums in Optics.] 
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V 

UNIVERSITY OF GLASGOW 

Prelihinart Medical Examination 

Elements of Mechanics 

1. Explain how a force may be represented by a straight line. 
Two forces of 30 and 40 lbs. respectively act upon a particle in 

directions at right angles to each other, find the magnitude of 
their resultant in pounds. 

2. What is a "lever"? 

Distinguish the three kinds of simple levers, and point out 
(with reasons) to which class belongs a pair of nutcrackers, a pair 
of tongs, a pair of scissors. 

3. E:q>lain the terms "velocity", "acceleration". When the 
acceleration is constant what is the connection between it and 
velocity ? 

A body under a constant acceleration moves from rest over 10 
feet in the first second, how far has it moved at the end of the 
second second ? 

4. Find the ratio of the Power to the Weight in a system of 
pulleys, in which each pulley hangs by a separate string. 

5. When a cannon is fired, explain carefully what takes place. 
If the cannon be free to move, find its velocity on being fired,, 

supposing it to weigh 200 lbs., the bullet weighing 6 lbs. and 
being projected horizontally with a velocity of a mile in five 
seconds. 



VI 

UNIVERSITY OF CAMBRIDGE 

Local Examination 

Mechanics 



1. Show how a straight line may be made to represent the 
several elements which completely determine a force. 
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Three forces, of 3, 7, and 10 lbs. respectively, axe in equilibrium 
at a point. How are they directed ? 

2. Enunciate the proposition known as the parallelogram of 
forces. 

The resultant of two forces acting at an angle of ViSf is per- 
pendicular to the smaller component. The greater component is 
a force of 100 lbs. Find the other component and the resultant. 

3. A heavy rod hangs vertically and is free to turn about its 
upper end. A horizontal force equal to half the weight of the 
rod is applied at the lower end. Pind the inclination to the 
horizon when there is equilibrium. 

4. Find the resultant in magnitude and direction of two parallel 
forces acting in the same direction. 

Weights of 6, 8, and 10 lbs. respectively, are placed on the 
middle points of the edges of a triangular table. Find how much 
the pressures on each of the three legs are increased thereby. 

5. Define the '' centre of gravity " of a body, and find that of a 
plane triangular area. 

Weights of 1, 2, 3, 4 lbs. respectively, are attached to the 
comers of a light square frame. Determine [the point by which 
the frame may be suspended in any position. 

6. Find the relation of the Power to the Weight in the wheel 
and axle. 

Find the radius of the axle when a weight of 16 lbs. just 
balances a weight of 1 cwt., the radius of the wheel being 21 
inches. 

7. A horse, in drawing a load up a steep hill, takes a zigzag 
course, and a man going down the same on horseback leans back- 
wards ; explain the advantage in each case. 



VII 

OXFORD AND CAMBRIDGE SCHOOLS EXAMINATION BOARD 

Examination fob Certificates 

Statics and Dynamics 

1. Assuming the parallelogram of forces for the direction, 
prove it for the magnitude of the resultant. 
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Three forces are represented by OA, OB, and 00. P is the 
middle point of 00, Q is the middle point of AB, and B is the 
middle point of PQ. Prove that the resultant force will be 
represented in magnitude and direction by 40B. 

Extend this to any number of forces. 

2. Find the resultant of two parallel forces in the same 
direction. 

The three angles of the triangle ABO are joined to any two 
points P and Q, and six forces act on a rigid body completely 
represented by the lines PA, AQ, PB, BQ, PO and OQ. Prove 
that the resultant is parallel and equal to 3PQ and always 
passes through a fixed point for all positions of P and Q. 

3. Find the centre of gravity of a triangle. 

If the centre of gravity of the uniform four-sided figure ABOD 
coincide with one of the angles, as A, prove that the distanoes of 
A and from the line BD are as 1 to 2. 

4. State the principal laws of friction, and find the angle of 
inclination of a plane in order that a body may just slide down. 

5. Find the ratio between the power and the weight in a 
system of weightless pulleys in which each string is attached to 
the weight. 

Prove that the principle of virtual velocities holds good in this 
case. 

6. How is velocity measured, (1) when uniform, (2) when 
variable ? 

What is meant by the mean velocity of a moving point, while 
moving over a given space ? 

7. A railway train is running at the rate of 28 miles an hour, 
when a bullet, moving horizontally, enters a compartment at the 
comer furthest from the engine and passes out at the diagonally 
opposite comer. 

If the compartment be 8 feet long and 6 wide, and the sine of 
the angle of inclination of the bullet's path to the train be f , 
prove that the bullet's velocity is 60 miles an hour. 

8. Prove the formula « = — in uniformly accelerated motion. 

9. Prove that the path of a projectile in a vacuum is a 
parabola. 
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10. Find the velocities of two elastic spheres after direct 
impact, and prove that kinetic enery is lost when the elasticity 
is imperfect. 

What becomes of that energy ? 



VIII 
OXFORD AND CAMBRIDGE SCHOOL EXAMINATION BOARD 
Examination for Certificates 
Natwrcd PhUoaojphy (Mechanical IHvidon) A 

1. What are the essential differences between a solid and a 
fluid, and between I Hquid. water and steam? What are the 
effects of compressing steam in a cylinder with a close-fltting 
piston? 

2. Explain the meanings of the terms weight, specific gravity, 
acceleration, pressure of a fluid at a point, and horse power. 

Eind the weight of a cylindrical stone column 2 feet in 
diameter and 16 feet in height, if the specific gravity of the stone 
be 2*8 and a cubic yard of water weigh 15 cwt. 

3. A truck of coals weighing 12 tons is to be drawn up a 
smooth incline of 1 in 10 by means of a rope coiled round a 
cylinder two feet in diameter, which forms the "axle" of a 
wheel and axle, the diameter of the wheel being five feet. Eind 
the force which must be applied at the circumference of the 
wheel. 

4. State the experimental laws of friction between two solid 
bodies. 

Show that the work done in dragging a body up a rough 
inclined plane, is the same as that done in dragging the body 
along a horizontal plane of like roughness through a distance 
equal to the base of the plane, and then lifting it up the height 
of the plane. 

5. A force equal to the weight of one ounce acts on a pound 
weight for 10 seconds. Eind the velocity generated and the 
space through which the weight will be moved in the 10 seconds, 
supposing it to start from rest at the beginning of the time. 
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6. Describe the construction and action of a force pomp. 
Explain the action of the hydraulic press. 

If the diameter of the plunger of the pump is \ in., and that 
of the piston in the large barrel three inches, find the pressure 
which can be exerted by the latter when the former is pressed 
down by a force equal to the weight of 2 cwt. 

7. TVliat are the conditions of equilibrium of a floating body \ 
If the weight of a balloon and its appendages is 3200 lbs., and 

that of the air it displaces 3400 lbs., with what acceleration will 
it begin to ascend when set free % 

8. State the relation between the pressure and volume of a 
given mass of air at constant temperature. 

How would you proceed to demonstrate experimentally the 
truth of your statement ? 



IX 

UNIVERSITY OF EDINBURGH 

M.A. Pass Examination 

Natural Philosopky 



1. Define velocity. 

Prove that we cannot know the absclvte velocity of a body. 

A and B are two points in motion on a horizontal plane. At 
the moment under consideration A has a velocity of 1 north- 
wards, and B has a velocity of V3 eastwards. Find the velocity 
of B with respect to A. 

2. A point has an initial velocity V, and receives imiform 
acceleration ^ in a direction opposite to the direction of motion. 
Show that if t^ be the velocity after t seconds, and 8 the space 
passed over in that time, 

v^V-gt. 

3. State Newton's second Law of Motion, and show that it 
involves the following facts : — 
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(1) A constant force produces uniformly accelerated motion. 

(2) Forces are to be combined and resolved by the parallelo- 

gram law. 

4. Assuming the acceleration due to gravity to be uniform, 
prove that when a mass M falls from rest through a distance 

where W is the weight of the mass and V its final velocity. 
Interpret the equation in terms of energy and work. 

5. A 50 lb. shell, moving at the rate of 1000 feet per second, 
explodes symmetrically into 2 lb. fragments. One of these has 
its velocity increased in magnitude without change in direction. 
Find its new velocity, assuming that 250,000 foot-pounds of 
kinetic energy are generated by the explosion. 

6. A mass of 10 lbs. moving northwards with velocity 20, 
impinges on a mass of 15 lbs., moving eastwards with velocity 10. 
At the instant of impact the two masses cohere. Find the 
velocity of the combined mass, and indicate its direction by a 
figure. 

Calculate the kinetic energy before and after impact, and 
account for the apparent loss. 

\Thu examinatum also containt questiont in Physict. 
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CHAPTER I— PRELIMINARY 
Examination on Ghafteb I 

[The Answers to the Examination Questions will all be found 
in the text of the book. The forms of the questions have been 
occasionally varied in order to prepare the student for the 
various ways in which the same question may be set by different 
examiners.] 



CHAPTER II— KINEMATICS 

Examples for Exercise 

§4 

, 2X1760X3 

1- — ::—'7:x — = 1^- 
9x60 

2. 1333^. 

3. The former velocity is 26^ feet per second, the latter is 27 
and is therefore the greater. 

4. 1118 feet « distance travelled in 1 sec 

__ 1 

•'• 1 w — » » M 1118^^ 

43X1760X3 _^, 

.-. 43 X 1760 X 3ft = „ „ -— = 203tV aec. 

lllo 

1. « = 100 X 60 X 60 ft. = 360,000 ft. = 68x«t miles. 

1511460 X 1760 X 3 ^^„, . ^ , 

2. v= — z = 3421 feet per second. 

27 X 24 X 60 X 60 ^ 

8. t = — ' 
a 
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§7 

1. 48-3. 

2. Find the avera^ velocitj for the laat two seconds. 64*4. 

a + 6 + c 



3. 



3 



§11 

1. It is convenient to take one mile per hour as the unit of 
velocity in this example. 

Velocity up stream = 8-2 = 6 nules an hour. 
„ ' down „ = 8 + 2 = 10 „ „ 

2. Take one foot per minute as the unity of velocity. 

1 -^ « 1 J 12x1760x3 ^^ 

V, = velocity of sledge = = 44. 

* ^ ^ 24x60 

Va = velocity of floe = 46. 
,-. t; = 44 - 46 = - 1. 
Thus the sledge moves southward at the average rate of one 
foot per minute. 

3. Let v^ = velocity of steamer in miles per hour. 

V, = „ river „ „ 

Then we obtain the simultaneous equations — 

i;^ + 1;^ = 16, 

Vi - t?a = 11. 

Solving these we find Vy^ = 13, v, = 2. 

§14 

1. Drawing the velocities AB, BC, CD, DE 
we obtain the resultant AE = 6. 

The student wiU observe that two of the 
velocities intersect, hence the figure is not 
strictly speaking a polygon. Nevertheless 
the proof in § 14 includes such cases. 

2. Drawing the velocities AB, BC, CD, we 
obtain the resultant AD. It is a little 
greater than If. The advanced student will 
be able to prove geometrically that AD = 
1^3, and the angle DAB = 160°. d> 

IM 
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§15 

1. «?• = t;i« + v^* = 169, /. V = 13. 

2. v« = (10-6)« + (3-6)« = 123-21. .'. v = 11-1. 

3. Since the stream is 972 feet broad, and the man swims 
across 3*6 feet in each second, he will arrive at the other side in 
t seconds if — 

= 270, 



< = 



3-6 



and during that time he will have been carried down 270 x 10*5 
= 2836 feet 

§17 

1. In figure 1, let AB = 7, BC = 8. Then BE = 4. 
.-. AC« = 49 + 64 + 2X4X7 =169. /. AC = 13. 

2. In figure 2, let AB = 5, BC = 8. Then BE = 4. 
AC» = 25 + 64 - 2X4X5 = 49. /. AC = 7. 

3. (1) \/2+V3, (2) \/2+V2, (3) V 2-V3. 



§ 18 

1. AN is the component required, and 
is equal to 2, since BAN is the half of an 
equilateral triangle. 

2. Taking the figure in § 18, let the angle 
CAB = 450. Then AC« = AB« +BC« = 
2 AB». 

AC, and if AC = 3V2, AB = 3. 




.AB = 



V2 



cv 



^4 



§20 

1. From any point A draw AB, AC to re- 
present the velocities at P and Q, com- 
plete the AABC. The third side BC is 
the change in velocity, and is equal to 
OTie, Its direction makes an angle of 120^ 
with that of the first velocity. 

2. By a similar process we find the 

change of velocity = V2 in a direction at an angle of 135^ to the 
first velocity. 
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§22. 

1. t; = 13, « = 120. 

2. « = 5, t; = 50. 

3. « = 2093, V = 370-3. 

4. i;* = 2^« = 196. .'. i; = 14 metres per second. 

§23. 

1. (1) 34J feet. 
(2)7. 

(3) In 5^ seconds. 

(4) 42f feet. 

(5)i; = -8, « = 82. 

(6) In 10} seconds, i; = - 16. 

(7)t;2= F2-2a«, .•.i; = ±14. 

2. (1) V = F-^ = ngr-Ti^ = 0. 

(2) i;2 = 72-25r«, when v = 0, « =;— = ^^2^. 

2^ 

(3) Putting < = 2n, « = F^-i9^* = 2w»5r-2nV = 0. 

(4) t;3 = F» - 2^«, .*. when « = 0, t; = F. 

General Examples in Kinematics 

1.(1) 17|. (2) 152J. (3)ttW (4)tV (5) '0041. (6) '328. 
(7)50. (8) A- (9)976800000. (10)1. 

2. (1) 16. (2) 81tPt. (3) 766. (4) 915. (5) 68925. 

3. (1) 6. (2) 27t»t. (3) 256. (4) 305. (6) 22975, 

4. (1) 2-2. (2) 12. (3) 112-2. (4) 134*2. (5) 10109. 

5.(1)1. (2)Ji (3)i. (4)1. (5)^ 

X « . X 2 ,«, a '328 a*6 a 

7. (1) St. (2) — . (3) 1. (4) 4|. 

8. (1) 44. (2) 3f (3) 149. (4) 6-366. 

9. (1) 6A. (2) 84. ' 
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10. One tenth of a second. 

11. 35 miles. 

12. (1) 27 forwards. (2) 23 backwards. (3) 2 forwards. (4) 
6 backwards. (6) 26 forwards. (6) 6^ backwards. 

13. Iff hoiir]= 1 hour 55 min. 47^ sec 

14. 9^ miles ^ 9 miles 2160 feet. 

15. 125 : 88. 

16. (1) 10. (2) \\. (3) 17. (4) 5tVp. (6) 29. (6) Solv- 
ing the simultaneous equations, we get v^ » 12, v^ = 5. Henoe 
V = 13. (7) v^ = J(a« - 6*), v, = a6 ; V = ^a^h\ 

17. The answers found by measurement are approximately : — 
(1) 6}. (2) 6J. (3) 4J. (4) 4J. (5) 7J. 

18. (1) 19. (2) If (3) 3a?H-aH-l. 

19. (1) 19. (2) 9i. (3) aH-x+1. 

20. (1) 1. (2) 7. 

21. (1) 1. (2) V8 = 2V2. (8) \/l49. 

22. 1300. 

23. 17} feet per second. 

24. 29 miles. 

25. This is the converse of § 16. 

26. 120^ 

27. 13. 

28. 5. 

29. (1) 1 north. (2) 9 south. (3) 1 north. (4) V2 south- 
west. 

30. The third side of the triangle. 

31. (1) 10. (2) 20. (3) 48. 

32. V27 » 3V3. 

33. (1) 10. (2) 30 feet (3) 2. 

34. (1) 19. (2) llj. (3) 115 feet 

35. (1) 16. (2) 48. (3) 176. (4) 484. (5) 24. 

36. (1) 6Jk5r. (2) \^g. 

37. (1) hg = 161. (2) ng = 32-2w. (3) Wg = \^'\n\ 

(4) 4 seconds. (5) 6 seconds. 

38. (1) 8. (2) 18i. (8) 129f (4) In 9f seconds. 

(5) 140^ feet 

39. (1) After n - r seconds i? = F - ^ = w^ - (n -r)^ = rg, 

„ 71 + r „ v^y - gt^ng -{jh^T^g^-rg, 
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(2) « =s Fu - \g&^ which reduces to 4(w' - r")^ whether we 
substitute for t the value w - r or n + r. 

40. Let ABC be a triangle and P the point Join PA, PB, 

PC. Complete the parallelogTamBPCD, 

ytv Then AP produced must be the diagonal 

/ \ \. of this parallelogram and must therefore 

/^^5f-^»__\ bisect BC. Similarly BP must bisect AC. 

y/^^^^^^^.^^-^"'^^^^ •'• P is the intersection of the lines 

B-^— ^^-_/-''''' drawn from the angular points to bisect 

^ the opposite sides. 

41, Twice that represented by the fourth side of the square. 



CHAPTEE III— KINETICS 

Examples itob Exercise 

§30. 

4 X 1000 

1. r-rr = 40 feet per second. 

WJM 

2. The whole momentum is 72. 

.'. the momentum of each part is 24. 

24 24 

.'. the velocities are 24, -r-, and —, or 24, 12, and 8. 

§33. 

Let V = velocity generated in one second' in either mass. 
Then /, .= 12«7 = 8. 

8 2 
.*. V =» To^'o" ' ^^•^' = 9i; = 6. 

§34. 

mm' , . mm' 



^f-^l^> /' = ^ 



400' J '^ 6280X5280 

400 
• • ^ " 6280 X 6280 ^ 

69696-^' 
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2. Let m and m' represent the masses of the Sun and Earth, 
and let d be the distance of the earth from the sun. 
Then the mutual attraction between sun and earth is — 



/^-t"" 



and that between the Son and Jnpiter ia — 

m X 300 m' 

•^°'* (6d)» 
^ 300 , 

3. Let d be the radius of the earth. 

Then 85c? is the radius of Jupiter. 

Also let m = mass of earth, 

m' — mass of man. 

mm* 
Then, on earth, w ^k —75-- 

(P 

dOO mm' 
On Jupiter, t^ = ^-p^ • 

, 300 
.'. tir = — — - w. 
7225 

Thus his weight as ascertained with a spring balance on the 

surface of Jupiter is — 

300 X 12 
— zrrr — stones, 
7225 ' 

or less than the weight of 7 pounds on the surface of the 

Earth 

§35. 

The quantity weighed is too little, the deficiency being -— - of 
alb. 

§36. 

1. mv ^ mfft ^ 2318'4. 
g^igfi^ 5216-4. 

2. <= Vt-higfi. 

.-. 1000 = 2F+ J X 32-2 X 4 « 2F+ 64-4. 
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.-. F= 467-8. 

. •. the initial momentum mF = t X 467*8 = 58-5.* 

3. To find the time of falling — 

, 2« 1118 
« = \gt^' .-. «2 = — = — — = 34-7. 
»^ g 32-2 

. •. ^ =r Y^ 34'7 = 5*9 seconds. 

To find the time the sound of the splash takes to reach the ear, 

we employ formula (3) of uniform velocity {See § 5) — 

9 559 

t^ — = — — - = '5. 

V 1118 

Time required = 5*9 + '5 = 6*4 seconds. 

§37. 

From (19) « = FU - \g^. But when ^ = 4, « = 0. 

.-. 4F- 8^ = 0. 

.-. F=2^ = 64-4. 
Substituting this value for F, when ^ = 1, « = 48*3 ; t = 2, 
8 = 64-4 ; t = Z,8 = 48-3. 

§39. 

1. By § 13 the resultant velocity is zero. Therefore the forces 
are in equilibrium. (Erratum, — In the question, for produce 
read be in.) 

2. By § 17— 

/2 = (3J)2 + 42 + 2x3ix2, 

169 
= 12i + 16 + 14 = 42i = -j- 

* Since the value of g varies at different heights in any one place, the 
value 32*2 is only approximate ; and, in all calculations founded on that 
value, figuresbeyond the first decimal place shouldbe omitted. In the present 
case the result of dividing gives 58*475, and as this number is nearer in 
value to 58*5 than to 58*4, the former is the approximate answer. The 
answers to subsequent questions are form ed on this principle. 
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3. Here the angle between the two directions is 60^ The 
figure is the same as that in the answer to Example 1, § 18. 
^B = 12, .*. AN the resolved force is 6. 

§41. 
Here M = 10, F= 14, m = f :.v^ 1120. 

§42. 

1. Here a weight of 196 lbs. has to be raised 3000 feet. 
. •. Work = 196 X 3000 = 688,000 foot-pounds. 

2. In five minutes the work done is 550 x 300 » 165,000 foot- 
pounds, 

Also one ton = 2240 pounds, 

165000 
. • . The height = -^^^ = 73A feet. 

General Examples in Kinetics 

1. (1) 178. (2) 0. 

2. 1500. 

3. 5 seconds. 

4. 672,000 foot-pounds. 

5. No work is done against gravity. 

6. /= wio, but/= -^^, w = 2, 

7. « = 402-5, V = 161. 

8. 742*4 feet 

9. 2*5 seconds. 

10. 197-2 feet. 

11. 680*2 feet 

12. 35 seconds, 19722*5 feet 

13. /= WW, but/= 2^, m = 10 
•••* = i5'»« = «^ = i^ = 6'4. 

14. 16*1. 

15. 402*5 feet 

16. 161 ; 402j feet (Compare Example 7.) 

17. After 2 seconds at a height of 95*6 feet 
After 4 „ „ 62*4 ,, 

After 6 „ 99*6 feet below the point of pro}ecti<m. 
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18. 24-6. 

19. (1) 6*2 seconds. 

(2) Since the initial momentum is the same as in the last 
case, the initial velocity will be 200 feet Answer, 12*4 seconds. 

20. 983*9 feet. 

21. Complete the parallelogram ABDC, and produce the 
diagonal DA its own length (backwards) to £. AE is the line 
required, and maJces an angle of 155** with AB. 

22. The resultant force is 6. 

23. 5. 

24. 10V2 or 14*14 approximately. Direction NE. 

25. 13 lbs. 

26. 7*8126 or 7i|. 

27. 5. 

28. Since action and reaction are equal and opposite the 
momentum given to one part forwards is equal to that given to 
the other part backwards. Thus the whole momentum is un- 
changed, and is equal to that of the two parts. 

.*. WW = 12x700 + 20X380 = 16,000. 

29. The whole momentum is imchanged, and since one part is 
reduced to rest, the other part moves on with the original 
momentum of the shell = 20 x 600 » 12,000. 

30. The two equal parts receive equal and opposite changes of 
momentum, and therefore of velocity. The change of velocity 
given to the first part is 40, therefore that given to the second 
is - 40. Its new velocity is therefore 80 - 40 = 40. 

31. 72 lbs. 

32. 43 lbs. 

33. The formula t^ — 2g8 gives us — 

t;* = 2 X 82*2 X 3,V- •'• ^ = 14. 

34. (1) 73. 

(2) V (a» + 6«). 

(3) a" + 6«. 

36. Substituting in the third of equations (12), § 23, we get 

= 100 - 20a. 
/. a = 6. 
.'. by 14 /= 6m. 
3ft It follows from the triangle of forces that the resultant 
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of two forces is greatest when they act in the same direction 
along the same straight line, and least when in opposite 
directions. 

from which we get/^ =9,/, = 3. 

37. Forming the triangle of forces, we find that it is half an 
equilateral triangle, and the angle at which P and Q act is its 
exterior angle « 150^. 

38. This follows from the fact that the angle in a semicircle is 
a right angle. 

39. 8 = ^^ of a foot, t =» gV of a second. 

40. F= 160. When ^ = 6, v = and « = 400. 
When ^ = 10, t; = - 160. 

Average velocity during first 5 seconds 80. 

41. 60. 

42. 83^. 

43. That the driving power is just sufficient to overcome the 
resistance, and thus causes no acceleration. 

44. 1 foot-pound. (The mass of 3 lbs. moves 1 foot in the 
direction opposite to that of gravity). 

45. tt = ^^g. .-. V = o< = 1^. « = Ja^ = 3i^. 

(If ^ = 32, «; = 20 and « = 100). 



CHAPTER IV— STATICS 
Examples for Exercise 

§45. 

1. The triangle of forces is equilateral Its exterior angles 
are each 120''. 

2. The tensions of the strings and the weight form 3 forces in. 
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equilibrium. Their directions are at 120® to each other. There- 
fore the 3 forces are equal. (Compare last example). 
3. Any two sides of a triangle are greater than the third. 

§49. 

1. 12 lb&, 10 inches from greater weight. 

2. 12 lbs., 5 inches from the greater force. 

3. If they are not parallel two of them meet in a point, and 
the third must, to be in equilibrium,, pass through that point. 

§60. 

1. A force 3, 14 inches beyond the greater force. 

2. A force 3, 8 inches beyond the greater force. 

§53. 

Let ABCD be the square, the weights of 1 and 3 lbs. are 
equivalent to a weight of 4 lbs. acting at E in AB, EB » \ AB, 
the weights of 9 and 3 lbs. are equivalent to a weight of 12 lbs. 
at a point P in CD, CF = ^ CD. Join EF, the centre of gravity 
of 4 lbs. at E and 12 lbs. at F is G in EF, FG = i EF. 

§65. 

The perpendicular drawn from the centre of gravity must fall 
within the base, 

§67. 

1. Moment of force at A = 0, since perpendicular = 0. 

„ „ B = 2 X i of 10 = 6f . 

„ „ C = 3 X J of 10 = 20. 

„ „ D = 4X10 = 40. 

2. Let AB, AD be the forces, and let E be any point in their 
resultant. Then the moment of AB about E is twice the triangle 
ABE, and is therefore equal to the parallelogram on AB, as base, 
formed by drawing a parallel to AB through E. Similarly the 
moment of AD about E is equal to the parallelogram on AD as 
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base, formed by drawing a parallel to AD through E. These 
two parallekgramB are easily proved to be equal by the help of 
Euclid I., 43. 

General Examples in Statics. 

1. (1)K = 17; (2)Q«8; (3)R = 10; (4)Q = 7. 

2. In the triangle of forces liie angle opposite P is the greatest^ 
and that opposite It is the least. But the angles mentioned in the 
question are the exterior angles of the triangle. 

3. An equal force. (See Examples § 45). 

4. Six inches from the greater weight. 

5. (1) R = 9 lbs., AC = 8 in. ; (2) R = 11 lbs., AC = 1 ft. ;. 

(3) R » 20 lbs., AC » 2 in. 

6. (1) R = 5 lbs., AC = 2 ft. ; (2) R = 2 lbs., AC = 3 ft. ;. 

(3) R = 10 lbs., AC = - 1 ft. 

7. A bears 120 lbs., B bears 80 lbs. 

8. Half an inch. 

9. One third along the line drawn from the centre of the 
square to bisect the middle rod. 

10. Ten inches ^m the extremity on which the weight ia 
placed. 

11. Three inches from A. 

12. Nine inches from A. 

13. The middle point of the axis of the hat. 

14. Since the diagonals bisect each other, each diagonal con- 
tains the centres of gravity of the two triangles into which the 
other divides the parallelogram. Therefore the centre of gravity 
of the whole parallelogram lies in each diagonal. It must there- 
fore be their point of intersection. 

15. In the wire parallelogram the centre of gravity of either 
pair of parallel sides is the point O found in § 53 (2). 

16. Each has been shown to pass through the centre of 
gravity. 

17. (1) In a quadrilateral, the centre of gravity of the whole 

is in the line joining the centres of gravity of the two 
triangles into which it is divided. But this may be 
done in two ways. Thus we obtain two lines, each 
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of which oontams the centre of gravity. Therefore 
the centre dt gravity is at their interseetioii. 
(2) Any rectilineal figure may be divided into trianglei. 
Find the centre of gravity of each triangle, and con- 
ceive a heavy particle equal to its maes placed at that 
point. Then find the centre of gravity of the system 
of heavy particles. § 63 (6). 

18. The centre of gravity of the loaded table must be vertically 
over a point within the area formed by joining the extremities 
of the legs of the tables. 

19. The first moment is represented by twice the area of the 
A ABC, the second by twice the A ABD. 

20. Each of these moments is represented by the area of the 
square. 

21. (1) For simplicity let P act at right angles to AB. 

By (23) P X AC « Q X BC. Add to each side P x BC, 
and we get P X AB » B X BC. 
(2) Let D be a point in AB produced. 

Then (P + Q) x BD = B x BD. Add these quantities 
to each side of the equation obtained above and we 
have — 

PxAD + QxBD = JRx CD. 

22. Take the figure of § 39, and let O be a point in the plane, 
and first let O be above AB and to the left of AD. 

Then OAC + ABC = OAB + OBC. 

But OBC » OAD + ABC (see § 63» footnote). 
.-. OAC = OAB + OAD. 
/. moment of AC « moment of AB + moment of AD. 
In a similar way the proposition is proved for any other posi- 
tion of O. It is important to observe that when the forces tend 
to turn the body in different directions about O, the algebraical 
sum of the moments is the difference of the figures which repre- 
sent the moments. 

23. The diameter drawn through amy angular point, bisects 
the figure, and therefore by symmetry contains the centre of 
gravity. Compare § 53 (4). 

24. The diameter drawn through any bead must pass through the 
centre of gravity, which must therefore be the centre of the circle. 
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26. (1) Stable; (2) stable in one direction, unstable in another ; 
(3) unstable ; (4) neutral ; (5) stable ; (6) stable ; (7) neutral in 
one direction, unstable in another. 

26. Since the plane is (perfectly) smooth, the centre of gravity 
of the rod will fall as low as possible. Therefore the string will 
be vertical. The weight is supported by two parallel forces, the 
resistance of the table, and the tension of the string. These 
must be each equal to \ W. 

27. Let ABCD be the square, O its centre of gravity, G the 
centre of gravity of remainder. Then, if the comer A is cut off, 
OG=:AOC. 

28. Bisect AB in E, AD in F, and let FE produced meet CB 
inG. GB = JBC. 

The given system of forces is equivalent to forces P, 2P, and 
3P along CB, CD, and AD respectively. Let CD represent a 
force of 2P, then the resultant of the first two forces is 
represented by CF, therefore the resultant of the three forcea 
passes through F. 

But GC and CF represent the forces at F. 

. *. GF represents their resultant = CD V2. 
.*. resultaot = 2P V2. 

29. They must form an angle of 90^ 

30. Substitute for AD, AB and BD. Similarly for the others. 
Thus the three forces are equivalent to three forces parallel and 
proportional to the three sides of the triangle ABC. 

31. Instead of 5 and 2 we can take 3 and 0, with 4 at the 
centre, instead of 4 and 7 we can take and 3, with 8 at the 
centre, and instead of 6 and 3 we can take 3 and 0, with 6 at the 
centre. Thus the system is equivalent to 3 equal weights of 3 at 
the alternate comers of the hexagon, and 18 at the centre. 
Therefore the centre of the hexagon is the centre of gravity of 
the whole. 

32. Substitute for the sides heavy particles, at their middle 
points, of weights proportional to the sides. Join the middle 
points. The bisectors of the angles of the triangle thus formed 
divide the opposite sides inversely as the masses of the heavy 
particles. The point where these bisectors meet is therefore the 
centre of gravity of the heavy particles. 
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CHAPTER V— MACHINES 

Examples for Exercise 
§59. 

1. If the 3 lb. mass is at A, AC = } AB. 

2. 30 lbs. ' 

3. AC = - 4 in., or \\ in. 

§62. 
W* ^^ FQ = 96. .•. W - V96 = 9 lbs. IJ oz. nearly. 

§64. 
Here P is 600 lbs., AC = 6, BC = 1. .*. W = 3600 lbs. 

§66. 
W = 2»P = 2«x3 = 32x3 = 96lb8. 

§67. 

The diagram resembles the first figure of § 67, but has 3 pul- 
leys in each block. 

§68. 
W = 62 = (26 - 1) P = 31P. .-. P = 2 lbs. 

§70. 

1. To find the height of the plane we have ' 

BC = V AB2 - BC* = 6 ft. 
If, therefore, 5 ft. represents 5 lbs. 
13 ft. „ 13 lbs. 

2. Length of plane = ^12^ x 35^ = 37. 

Thus 37 represents 74 cwt. 

12 „ 24 cwt. = 1 ton 4 cwt. = P. 

35 „ 70 cwt. = 3 tons 10 cwt. =- E. 
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§7 1. 

Here the height is V26« - 24» = 7. 
Thus 7 represents 14 lbs. 
.-. 24 „ 48 lbs. 

§73. 

10 1 
1 Since F = /iB, we have 10 — /*80. •'• ^ = 55 ^"g"- 

3 BC 

If then, BC =3, AC = 4, and AB = V3*+4« = 5. 
But AB is 10 inches. 
. ' . BC is 6 inches. 

§74. 

(1) In the lever the points A and B describe arcs of circles, 
whose radii are AC and BC. Since the arcs are proportional to 
their radii, if we take kAC to represent the arc described by A, 
^BC will be the arc described by B, and since by (23) — 

P X AC = W X BC, 
/. P X ilfAC = W X itBC, 
or the work done by P is equal to that done against W. 

(2) If, in the figure of § 66, P be raised 1 foot, the strings DA 
aud AP will each be shortened half a foot, and A will be raised 
half a foot. Similarly if A be raised half a foot, B will be raised 
:} of a foot, and C, | of a foot. 

Thus the path of P is 8 times that of W, or if i& represent Ps 
path, 2' k represents Ws. 

Now W = 23 P, 

.-. hW = 28 itP, 
or the work done by P is equal to that done against W. 
The theorem is proved similarly for any number of pulleys. 
(8) This follows directly from (1). 

General Examples in Machines 
the lever 
1. (1) AC « 1 ft. IJ in. (2) AC « 4i in. (3) AC = 2 in. 
les 
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2. albs. 

8. 60Z. 

4. 1 ft Si in. from the fulcnim. 

6. 3 lbs. 

6. (1) A 120 Iba., B 80 lbs. (2) A 275 lbs., B 76 lbs. 
<3) A 180 lb&, B 120 lbs. 

7. 8} lbs. 

8. 6 feet 

9. If the force of 5 lbs. act at A, and that of 6 lbs. at B, then 
the fulcrum is at O. 

(1) AC = 8 in. C is between A and B. 

(2) AC » 83 in. B is between A and C. 

10. 40 lbs. and 36 lbs. Begard each peg in turn as the fulcrum. 

11. 16 lbs. 

12. 7 lbs. 

13. i a lb. 

14. Let X be the weight of the rod, y the distance of its centre 
of gravity from the first position of the fulcrum. Then we have — 

8x4 = xy^ 
5x3 = ^(y + 1). 

Subtracting the first equation from the second, we get ^ = 3 
lbs., and therefore y = 4 ft. Thus the rod weighs 3 lbs., and is 
16 feet long. 

THE BALANCB 

15. 6 lbs. 

16. 5 lbs. 1 oz. and 6 lbs. 4 oz. 

17. 13 to 12. 

18. (1) 5 lbs. 1 oz. (2) 9 to 8. 



THE WHEEL AND AXLE 



19. 16 lbs. 

20. 60 lbs. 

21. 6480 lbs. 



PULLETS 



22. The first system with 2 pulleys, and the second system with 
4 pulleys. 
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23. The second system with 7 pulleys, and the third system 
with 3 pulleys. Observe that in the second system of pulleys 
the number of sheaves in the fixed block is either equal to that 
in the moveable block or exceeds it by one. 

24. 2 lbs. 

25. 4 pulleys in each block. 

26. See figure of § 66. Tension of AD is 10 lbs. . * . weight 
of A + tension of ABE » 20 lbs. .-. tension of ABE = 19 lbs. 
.*. weight of B + tension of BCE = 38 lbs. .*. tension of 
BCE = 37 lbs. .-. weight of C + W = 74 lbs. .'. W = 73 lbs. 

27. Weight of block + W = 60 lbs. .'. W = 57 lbs. 

28. See figure of § 68. tension of AD = 10 lbs. . '. tension 
of ABE » 20 lbs. + weight of A » 21 lbs. .*. tension of 
BCF = 42 lbs. + weight of B = 43 lbs. .'. tension of CK is 86 
lbs. + weight of C = 87 lbs. This tension is equal to W + P + 
the weight of the 3 pulleys. .-. W = 87 - 10 - 3 = 74 lbs. (or 
W may be obtained by adding the three tensions 10 + 21 + 43 = 
74 lbs.). 

THE INCLIKBD PLANE 

29. Here the length is to the height as 5 to 3. 
.*. the weight is to the power as 5 to 3. 

But the weight is 10 lbs. 
.*. (1) the force is 6 lbs. 
(2) the pressure is 8 lbs. 

30. Here the base is 63. If 16 represents 80 lbs., 63 represents 
315 lbs. 

31. R« = P2 + W2 = 35« + 1202 = 1251 .-. R = 125 lbs. 

32. 10 lbs. 

33. 30"^ to the horizon. 

34. (1) 25 lbs. (2) 12 lbs. (3) 16 lbs. 

MISCELLANEOUS 

35. The power is ^ of the weight 

36. Let h be the common height, W and W the weights, P 
the tension of the cord. Then P is a force parallel to the plane in 
each case. 
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If therefore h represents P, 
6 „ W, 
And in the same way 6 ,, W. 
Thus W is to W as 5 to 6. 

37. The power moves through an arc of a circle four times that 
travei'sed by the weight in the same time. 

.'. its velocity is 28. 

38. 6 lbs. 

40. The greater weight will prevail. 7i lbs. must be added to 
the smaller. 

41. 20 lbs., 12 feet. 



CHAPTER VI.— HYDROSTATICS 

Examples for Exercise 

§77 

219 
1.— -73. 

812 203 ^ „ 

2. = of a lb. 

1728 432 

§78 

1. 648 lbs. 

2. A^ lbs. 

§81 

1. j9 =: 10 X 144 = 1440 lbs. 

JO 4- ^gr = 20 X 144 = 2880 lbs. 
.\xq^ 1440 lbs. 
But ^=4.-. ^ = 36011)8. 

2. ^9 » 16 X 144. But q = 62^. 

15X144 

X = -— = 34-56 ft. 

62^ 
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This is the height of the "water barometer for a pressure of 15 
lbs. on the square inch. 
3. Here the additional pressure due to 5 ft. is 3( lbs. 
„ „ 1200 ft. is 600 lbs. 

.'. the whole pressure at 400 yds. is 2 + 600 » 602 lbs. 

§86 
640 



= 8-64. 



62} 

20 X 112 

2. (1) A ton of water occupies -— — = 35*84 cubic feet 

10 X 35-84 
. *. a ton of ice occupies = 39*82 cubic feet 

(2) A cubic yard of water Weighs 27 x 62} = 1687} lbs. 

9 X 16874 • 
.'.a cubic yard of ice weighs = 1518} lbs. 

3. The weight of 16 cubic centimetres of water is 16 grammes. 

108-8 

.*. « = ^ 6*8. 

16 



§87 

14 
1. a = -- = 34. 

4 

10 
5. For A, » = — = 2. 

5 

A and B displace 13 lbs. of water. 

A alone displaces 5 lbs. of water. 

.'. B displaces 8 lbs. of water. 

. ^ 6 3 

. •. for B, « = — = ~r* 
' 8 4 

5. The water displaced by the cork and silver weighs 6 lbs. 

,, ,, cork alone „ 4 lbs. 

„ „ silver ^ 2 lbs. 

21 

.-.« = — = 104. 

2 
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§88 

1. For the body, « = 5. 

For the liquid, % = 7 = 2. 

6 — 4 

2. The weight of the liquid displaced by the^body is 3 lbs. 
The same bulk of water would weigh 6 lbs. 

4 2 



6 3 



3. «= * 



600 1000 
4. Call the weight of a cubic inch of water 1. 
Then the copper weighs 36. 
,, zinc ,, 42. 

. '. each cubic inch of mixture weighs 7*8. 

.•. « = 7-8 

§89 

^ . . , . 3 37 87 

1. The portion mmiersed isl = — . .*.« = — . 

^ 40 40 40 

2. The same as that of water = 1. 

2 

3. The water displaced by — of the body weighs 6 lbs. 

o 

.'. the water displaced by the whole body weighs 9 lbs. A 
force of 3 lbs. downwards must therefore be applied to counter- 
balance the upward pressure of the water. 

§90 

1. By Boyle's Law the density is proportional to the pressure. 
But when the pressure is 16 lbs., 670 measures the density. 

, „ 16 lbs., 608 „ „ 

Thus a cubic foot of air weighs 608 grains. 

2. When the pressure is 1 the density is '001. 

„ „ 1000 „ 1. 

At 100 feet there is an additional pressure of 3 atmospheres. 

U8 
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.*. at 33,300 feet there is an additional pressure of 999 
atmospheres. 

Or the whole pressure at 33,300 feet is 1000 atmospheres. 
(This result is only approximately true, as Boyle's law is only 
approximately true, the discrepancy increasing with the pressure.) 

§97 

The areas of the pistons are proportional to the squares of their 

diameters, or are as 9 to 2500. 

2500 X 72 
If, then, P = 72, W = = 20,000 Iba 

General Examples in Hydrostatics 

1. Iron is 29 times as dense as cork. 

2. (1) 15-4 lbs. (2) 61-9 lbs. (3) 6890 lbs. 

3. (1) 2230-3 lbs. (2) 7222*5 lbs. (3) 4^457,160 lbs. 

4. As 6 to 5. 

5. (1) 1687J lbs. (2) 21,127J lbs. (3) Yes, for the additional 
pressure is the same outside as inside. 

6. (1) 16^ lbs. (2) 2592 lbs. 

7. (1) 15-2 lbs. (2) 16-3 lbs. (3) 28*1 lbs. approximately. 

8. (1) 191. (2) 3J. (3) H or -72. 

9. 1 lb. 4 oz. 

10. (1) Hi. (2) 8i. (3) 9. (4) 1-86. 

11. (1) -86. (2) -66. (3) -92. 

12. (1) 54 cubic inches. (2) 53 cubic inches. 

13. 32 lbs. 

14. (1) 1-85. (2) 1-23. (3) '81. 

15. 6i. 

16. 39 cubic centimetres. 

17. A I, B l\. 

18. (1) 22}. (2) 9. (8) 14J. (4) 8*.' 

19. \\, 

cr. 29 

20. • 

120 

21. 800. 

22. 6-912. 

174 



CHAPTER VI— HYDROSTATICS 



23. 


2-6. 






24. 


3 cwt. 






26. 


(1)6. (2)f 






26. 


(1) 2i lbs. (2) 13^ 


lbs. 


(3) 16} Ibe. 


27. 


33-3 feet 






28. 


11*. 






29. 


lA. 






30. 








31. 


s 

TIT* 







32. 23*68 cubic inches. 

33. 14 lbs. 6*1 oz. 

34. As I to y , or 27 to 26. 
36. 10*63. 

36. 10,260 cubic feet. 

37. 63 inches. 

38. i a cubic inch. 

39. 4 tons. 

40. (1) 2-92 cubic feet. (2) 76 ounces. 

41. 271*32 inches. 

42. It will be four times as great. 

43. 8760. 

44. Taking the surface pressure as 16 lbs. on the square inch, 
the depth required is, by Boyle's law, that sufficient to give an 
additional pressure of 6 lbs. Answer, 11} feet approximately. 

46. 4 of the first pressure. 

46. In measuring the specific gravity of a gas, air at a given 
pressure and density is taken as the unit of specific gravity. 

. *. weight of 30,000 cubic feet of gas = 16,200 oz. 

whole weight of baloon = 34,120 oz. 

weight of air displaced = 36,000 oz. 

.'. force required = weight of 1880 oz. = 117} lbs. 

47. 362t\ grains. 

48. f lbs. 

49. (1) § 86. 

(2) Weight to be raised = 318,000 lbs. 

Each barrel raises 1819 lbs. 

318000 
.*. number required = — -— = 176 nearly. 
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Cambridge — General Examination 

1. §25. 

2. §§ 49, 60. 

3. (1) Prove as is § 70 that if AB represent the given weight, 
BC represents the force, and AC the pressure on the plane. 

(2) Compare Chapter Y., General Ejuunple 36^ where in a 
similar case it is proved that the bases are proportional to the 
weights. Therefore the base of the second plane is to be made 
twice that of the first. 

4. § 67. Compare also Example 1. 
6. §68. 

6. (1) See § 62 and § 63 (1). 

(2) By § 65 the pencil will fall as soon as the centre of 
gravity is beyond the base. The centre of gravity of the pencil 
is tV o^ ^^ length within the table. The beetle may therefore 
crawl -^ of the pencil's length beyond the table, when it will 
be -^ from the projecting end. 

7. (1) § 61. 
(2) § 62. 

8. Part of § 75 and § 76. 

9. § 82. 

10. The cylinder contains air which has been compressed into 
half its volume, and therefore, by Boyle's law, the pressure has 
been doubled. The additional pressure is therefore that of one 
atmosphere, and the depth is the same as the height of the 
column of water in the water barometer (32 to 34 feet). 

11. (1) Part of § 86 and § 87. See figure of § 86. 

(2) Since spheres are proportional to the cubes of their 
radii, the volume of the whole ball is eight times that of the 
cork, or we have 7 volumes of gutta-percha to 1 of cork. Call 
the weight of 1 volume of water luiity, then 1 volume of cork 
weighs '24. 
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. '. 7 volumes of gutta-percha weigh 7 x -98 = 6'86. 

. *. the eight volumes weigh 7*1. 
And 8 volumes of water weigh 8. 

.-. the specific gravity of the whole is Ji, and ^u of the 
whole floats above the surface. 

Compare § 88, Ex. 5, and Ex. for Exercise 4. Also see § 89. 

12. (1) § 91. 

(2) By the height of the column of mercury is meant the 
perpendicular distance between the level of the mercury in the 
tube and the level in the cistern. If this is measured in each 
case it is of no importance whether the tube is vertical. But if 
the height be read from a scale attached to the tube it is evident 
that this scale will only give correct results when the tube is 
vertical. 

II 
Oxford — Segokd Examination 

1- a) § 4. 

(2) While A runs 2a; yards, B runs Zx, If at this point 
B overtake A, then So? = 20? + a. 
. '. 0? = a, and 2^? = 2a. 

2. § 39. 

3. (1) § 46. 

(2) See Chapter III., General Example 34 (3). 

4. Chapter III., General Example 32. Compare § 17, Ex. 1. 

5. (1) § 57. 

(2) § 57, Example for Exercise 2. 

6. Chapter III., General Example 33. 

7. (1) §§ 26, 31, 40. 
(2)l-m«. 

8. (1) § 86 ; § 88, Example 5. 

(2) Let the weight of a volume of water be 1. Then the 

weight of one volume of the first fluid is 1, and of the second 

fluid 1*7. But the two volumes when mixed occupy only -f^ of 

two volumes. Therefore the same volume of water weighs 1*8. 

H-17 . 
.-. « = — — -— = IJ. 
1*8 
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9. §§ 92, 96. 
10, (1) § 97. 

(2) 27 tons. See Chapter YI., General Example 39. 



Ill 
Edinburgh — ^Preliminary Examination 

1. (1) § 4. 

(2) 55. Compare § 5, Example 2. 

2. V = 80*5, « = 100{. Compare § 36, Ex. 1. 

3. (1) § 30. 

(2) As 1 to 24. Compare § 30, Ex. 1. 

4. §§ 31, 36. 

5. The forces are equivalent to 3 northwards and 4 eastwards. 
The resultant is 5 in the direction of the diagonal of the parallelo- 
gram. Compare § 15, Ex. 

6. At C,if AC = i of AB. Compare § 49, Ex. 1. 

7. § 56. 

8. 13 lbs. Compare § 70, Ex. for Ex. 1. 

9. (1) § 75. 
(2) S 81. 

10. The water supports ^^ of the weight. 

. *. If of the weight = 1 lb. 
. '. The whole weight = -(^ lbs. =l-iV 1^* 



IV 

London — ^Matricclation Examination 

1. (1) § 39. 

(2) In figure of § 39, the resultant of AB and EC is AC, 
that of AC and CD is AD, that of AD and DA is 0. Similarly 
for a rectangle. 

2. (1) By the second law of motion, forces acting on the same 
particle are represented by the velocities they produce; hence 
§ 10 and § 18 may be applied to forces, or one force may be con- 
sidered as equivalent to other two which produce the same 
result. 
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(2) Compare § 17, last paragraph. Total force = 2*7, ver- 
tical component = ^(2-7)2 -(1-36)2 = 2*34 

3. See § 62. Here Wa = 96, 4a = W6. 

.-. 4Wa« = 9W62. .-. 4a* = 96«. .•.2a = 35. 

6 2 

4. The feather will be carried along at the same rate as the 
baloon, and will therefore appear to the man to fall vertically 
downwards. 

5. The earth rotates from west to east The stone though 
falling retains its eastward motion, which is quicker than that of 
those parts of the earth which are nearer the centre. Hence it 
strikes the east side. 

6. See § 88, Ex. 1. Here * = ^-^ = ^ = Itt- 

^ ' 80-56 24 

7. §§ 84, 86. 

8. (1) The average depth of the air in the cylinder is 154 ^^^ 

The pressure is therefore that due to' 34 4- 15} =± 49i feet of 

water. At this pressure the air occupies 15 cubic feet. At a 

pressure due to one foot, the volume would be 491 X 15. . '. At 

494 X 16 
A pressure due to 34 feet it would be = 21|J cubic feet. 

(2) State Boyle's law, and the results of § 81. 

V 

Glasgow — ^Preliminary Exaxjnation 

1. (1) § 26. (2) 50 lbs. 

2. § 59. 

3. (1) §§ 4, 21. 

(2) In equation (10) V = 0, . •. « == 4o<*. 
If ^ = 1, « = 4a = 10, . •. o = 20. 
If « = 2, « = 2a = 40. 

4. § 66. 

6280 
6. See § 43. Here v = -— = 1066. 

. •. V = — = - 26'4 feet per second. 

200 ^ 
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VI 

Cambridge — Local Examination 

1. (1) § 26. 

(2) The forces of 3 and 7 are in the same direction, that of 
10 in the opposite direction. 

2. (1) § 39. 

(2) The triangle of forces is half an equilateral triangle. 

.-. P = 2E, or R = 60. Q =\/ 10,000 = 2500 = 86-6. 

3. Let ABC be the rod in its position of equilibrium, B being 
its middle point. From A and B draw vertical lines AD, BE, 
meeting a horizontal line through C at D and E ; join AE. Three 
forces act on the rod, its weight at B, the horizontal force at C, 
and the reaction at A. These forces must pass through one 
point (§ 49, Ex. for Exercise 3), and as the directions of the first 
two meet in E, AE is the direction of the reaction. The 3 
forces are therefore in the directions of the 3 sides of the triangle 
ADE. Therefore DE = J of AD. But DE is i of DC, 
. *. DC = AD, or the rod is at an angle of 46° to the horizon. 

4. (1) § 49. 

(2) Beplace each weight by two weights of half its value 
at the extremities of the sides. Thus the pressures on the legs 
are increased by 3-1-4 = 7 lbs., 4 -f 6 = 9 lbs., and 6 -h 3 = 
8 lbs. 

6. (1) § 62 and § 63 (3). 

(2) Call the square ABCD. The weights at A and D are 
equivalent to 6 lbs. at a point E, \ along AD. The weights at 
B and C are equivalent to 6 lbs. at a point F, \ along BC. 
Therefore the centre of gravity of the whole is the middle point 
ofEF. 

6. (1) § 64. 
(2) 3 inches. 

7. In the first case the slope of the plane is diminished, and 
therefore the force exerted is less (see § 70). In the second 
case, the centre of gravity of horse and man is kept above the 
base. 
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VII 

Oxford and Cambridge — Statics and Dtnaxics 

1. (1) If in § 12 the direction of the resultant velocity be 
a43Siuned to be that of AC, it is very eacfy to show that its ma^- 
tude is measured by AC. Hence by § 39 the same is true of 
forces. 

(2) OQ is \ the diagonal of the parallelogram formed by 
OA and OB. 

.'. Besultant of OA and OB » 2 OQ 

Similarly resultant of OQ and OP = 2 OR 

But resultant of OA, OB, and OC = resultant of 2 OQ and 
2 OP. 

.'. Besultant of OA, OB, and OC =: 4 OR 

If a fourth force OD be added, and a point S is taken 
on OD, so that OS = i OD, and if T be the middle point of BS, 
then 8 OT is the resultant of OA, OB, OC, and OD. And so on 
for any number of forces. 

2. (1) § 49. 

(2) By the triangle of forces, the resultant of PA and AQ 
is PQ acting at A. Similarly, the resultant of PB and BQ is 
PQ at B, and that of PC and CQ is PQ at C. Thus we have to 
find the resultant*of 3 parallel forces. This by § 51 is 3 PQ at 
the centre of gravity of the triangle. 

3. (1) § 53 (3). 

(2) To draw the figure. Draw any two lines CB, CD, and 
take a point A within the triangle BCD. Join BA, AD, ABCD 
is the figure. Bisect CB in E, CD in F. Join AE, AF. The 
centre of gravity of ACB is in AE, and that of ACD is in AF. 
But A is the centre of gravity of the whole figure, .*. EAF is a 
straight line. The rest follows easily by geometry. 

4. §§ 72, 73. 

5. (1) § 66. 

(2) Prove that the work done by the power in a small dis- 
placement is equal to that done against the weight. See § 74, 
Example for Exercise (2). 
«• (1) §§ 4, 6. 
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(2) Mean velocity » average velocity. See § 7. 
7. Let V = velocity of bullet, Y that of the train, T the time 
the bullet takes to cross the train, $ the Z, its direction makes 
with the train. Then v cos ^ is the ballet's velocity across the 
train, i; sin ^ that along the train. 

.-. t; cos tf T = 6, and (V + «^ sin ^) T = 8. 

3 4 

Now sin ^ = ---, .-. cos • = Vi - (sintf)« = y 

r« 6 15 

COS0 2 

9 7 

.-. VT = 8-vTsin««8 =— • 

2 2 

t; 15 15 „ 

But y is a velocity of 28 miles an hour, .*. t^ is a velocity of 
60 miles an hour. 

8. Appendix, § 106. 

9. § 22, omitting Y throughout. Compare Ex. 3. 
10. (1) Appendix, § 107, e = 1. 

(2) Prove this as shown in additional example 21, using 
the expressions for the velocities after separation. 

(3) It takes different forms of vibratory motion, e,g,, heat. 



VIII 

Oxford and Cahbridok— Natural Philosopht 

1. (1) §§ 75, 76. 

(2) At first the pressure is increased following Boyle's Law^ 
§90. 

For the subsequent behaviour of the steam, see Clerk MaxwdTs 
Theort/ offfeaty Chapter YI., page 113 in the second edition. 

2. (1) §§ 34, 86, 21, 78, 42. 

(2) volume = 16** cubic feet. Weight of a cubic foot of 

15 
water = ^ cwt. 
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16 
. •. weight of cylinder = 16 » x 2*8 x -- cwt. 

12 

3. See §§ 70, 64. The force = weight of —tons. 

2d 

4. (1) § 72. 

(2) See figure, § 74. In this figure P = the resolved part 
of the weight acting down the plane. In the problem the force 
to be resisted is P + /uB. 

. •. work done = (P + /*B) KL. 

= PxKL + A*. E xKL. 
= WxLM + Ai. WxKM. 

6. Here «; = <a, « = \ojfi, but o = :^ = 2, « = 10. 

. *. i; = 20 feet per second, « = 200 feet, approximately. 

6. (1) § 96. 

(2) § 97. 

(3) 162 cwt. 

7. (1) § 89. 

200 1 

(2) r^rr^ ~T29 ^^ ^^* P®' second per second, approxi- 
3200 16 

mately. 

8. §90. 

IX 

Edinburgh— M.A. Examination 

1. (1) § 4. 
(2) § 10. 

(8) 2 in direction 30<> south of E. 

2. §23. 

3. §§ 31, 32, 39. 

4. By combining equations (15) and (19). See also Appendix, 
§ 108. 

5. Let the additional velocity be v, 

250,000a 
Then \mv^ = — — — , and iiit = 1, 

.-. t;= lOOV^r. 
.-. new velocity = 1000 + lOOV^^. 
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6. (1) Combining the momenta by the parallelogram law, we 

get resultant momentum = 250, and whole mass =25. .'.its 

velocity is 10 in the direction of the diagonal of the parallelogram. 

(2) Before impact K E. = i x 10 x 20» + } x 15 x 10*=2750. 

After impact KE. = Jx25xlO*= 1250. 

The greater part of the kinetic energy is transformed into heat 

or other vibrations. 
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This appendix contains demonstrations of propositions, 
some of which involve more acquaintance with mathe- 
matical methods than has been assumed in the preceding 
chapters. It has been added in deference to the opinion of 
gentlemen who have used the book in tuition, and believe 
that its usefulness will be increased thereby. 

98. To express the Resultant of two Components * in 
Terms of the two Oomponents and the Oosine of the Angle 
between ihem. 





E B 



Flgnrel. 



FignreS. 



In other words, it is required to express the diagonal of 
a' parallelogram in terms of the two sides adjacent to its 
extremity, and the cosine of the angle formed by them. 
As shown in § 17, when l DAB is acute, (figure 1) — 
AC2 = AB2 + BC2 + 2ABBE (EucUd II. 12). 



* The same proof applies to Velocities, Accelerations and Forces. — Set 
12, 21, and 39. 
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BE 

Let L DAB = d, then cos tf = ^57^-, or BE = BC cos tf. 

Substituting this value for BE, we have — 

AC2 = AB2 + BC2 + 2ABB0 cos tf . . (35) 

Similarly when l DAB is obtuse, (figure 2) — 

AC2 = AB« + BC« — 2ABBE (EucUd IL, \Z\ 

BE 
But cos tf = — cos z- OBE = - ^57^, 

or - BE » BC cos tf. 

Substituting this value for — BE, we again obtain (35). 
Thus the equation holds good for all values of ^. 

If we write P and Q for the components, and E for the 
resultant, and extract the root of both sides, equation (35) 
takes the form — 



R = V P^ + Q2 + 2 PQcos ^, . . (36) 

99. When three Components are in Eanilibriom, each of 
them is proportional to the Sine of the Angle formed by 
the other two. 

Let P, Q and B be the components, and let them be 








parsdlel to the sides of the triangle ABC. Then it has been 
proved (§§ 13, 21 and 45) that P, Q and B are proportional 
to the sides of ABC or — 

P Q R 



AB BC CA 
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100 



But, by trigonometry — 

AB 

cdnG 
P 



BC CA 

8inA"~smB' 
Q fi 




sinC sinA sinB 

But the angle formed by the directions of Q and R is the 
supplement of the l C. 
/. by trigonometry — 

sin QE = sinC, &c. = &c. 

...-I_=_Q^=-.K_ (37) 

sinQE sinRP sinPQ • • • ^ ^ 

100. Begoltant of any Number of Oomponents.— Let OP, 

OQ, &c., be any number of com- 
ponents whose directions are in 
p one plane. 

From P draw PN perpendicular 
to oar. Then, by § 18, ON and 
"^ NP are the components of OP 
along and perpendicular to ox. 
Call PON a, QON ft and so on. 

By trigonometry, ON = OP cos a, 

PN^OPsino. 
Similarly for OQ, &c 

Then, if X be the sum of the components along ox, and 
Y the sum of the components perpendicular to ox, 

X = OP cos a + OQ cos B + •• 
Y =- OP sin a + OQ sin B + .. 

Let H be the resultant of X and Y, then — 

by §15, R= VX2 + Y2. .... (38) 

If the forces are in equilibrium B = 0, and therefore — 

?:S} (») 
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[When the direction of the components are not all in one plane, we may 
first resolve each component along and perpendicular to the plane a»y. 
Draw through o a line oz perpendicular to the plane a»y, and let Z->the 
sum of the components perpendicular to the paper. Thus— 

R = Vx« + Y> + Z», 
and for equilibrium, 

X - 0, Y - 0, Z - 0.] 

101. The Hodograph. — ^Let a point P move in any manner 

along a line AB, and let 
Pu Pg and Pa be its posi- 
tions at dijQTerent times. 
Draw NTi, V^ and V, to 
represent its velocities at 
these times, and from a 
fixed point draw OQi, 
OQto Ai^d OQ, equal and 
parallel to Vi, V,, and Vg. 

Then as P moves along AB, Q wiQ in general trace out a 
curve CD. The curve CD is called the Hodograph of the 
motion of P. 

102. When a Point moves with Uniform Acceleration its 
Hodograph is a Straight Line. — ^Let OQ be the velocity of 

« P at any instant, OB its velocity after a 

^^^^^ unit of time. Then QR is the change of 

^ '^~— \a velocity during a unit of time, that is, QR 

^^^s represents the acceleration of P. Similarly, 

if OS be the velocity of P after another 

unit of time SS represents the acceleration of P. Therefore 

BS is equal and parallel to QR, or the Hodograph QRS 

is a straight line. 

103. VariaUe Acceleration. — Variahk acederaiion is 
measmed hy the Change of VdocUy which would take place in 
a unit of time were the acceleration ai the instant under con- 
sideration to remain unchanged for a unit of time, 
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104. The Acceleration of P is equal to the Velocity with 
which Q moves in the Hodograph. 

(1.) Uniform Acceleration. — It was shown in § 102 that 
QE is the acceleration of P, but QR is the space described 
by Q in one second, that is, QB is the velocity of Q. 

(2.) V<mahle Acceleration, — As before, let OQ be the 

velocity of P at any instant. Draw QT = 
the acceleration of P at that instant, that is 
= the change of velocity which would take 
place in a unit of time were the acceleration 
to continue uniform for a unit of time. We have akeady 
seen that if this acceleration were uniform, Q* would 
describe a straight line with uniform velocity equal to the 
acceleration. Thus QT is the space which would be 
described by Q in a unit of time, were the velocity of Q to 
remain uniform for a unit of time. 
In other words QT is the velocity of Q (See § 6). 
.-. the velocity of Q = the acceleration of P. 

105. Uniform Gircnlar Motion. — Let P move uniformly 

in a circle of radius r about A as 
centre. The velocity of P is constant 
in magnitude and equal to t;, but its 
direction, being that of the tangent 
to the circle, continually changes. 
Let Q trace out the hodograph of 
P's motion. 

Then OQ = OQi = OQ, = v, or 
QQi Qa is A circle. 

Let P move from Pi to P,, and let 
PjAPj = A Then by geometry the 
angle formed by the tangents at P 
and Pj is also tf, and — 

.-. L QiOQ, = tf, 
or P and Q describe similar arcs. 
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Therefore their velocities are proportional to the radii of 
their circles. 
But the velocity of Q — the acceleration of P » ot. 



V a V a 
-= , or — _ — . 

AP OQ r V 



a B= 



(40) 



If a mass m move in a circle of radius r with velocity v 
under the influence of a force / tending to the centre of the 
circle, then by (14) — 

/=wa = -— (41) 

106. Parabolic Motion. — ^Let a point P be in motion with 

velocity V in the direc- 
tion PT, and let it have a 
uniform acceleration a 
in the direction PK, it 
will describe a parabola. 
To combine the effects 
of the velocity F and 
the "acceleration a, let 
us suppose (as in § 12), 
that the point is in motion along the line PT with uniform 
velocity V, but that the page on which PT is drawn, is in 
motion in the direction PK with uniform acceleration a. 

Then, after ( seconds, the point will have moved along 
PT a distance 

PE= n 

but^ owing to the uniform acceleration of the page, the line 
PT wiU have moved into the position VU each point in it 
having moved through a distance — 

PV = RQ = Jo^". 
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Thus the point will b« foand at Q. 
Now QV = PR= Vt 

2PV 
And PV = J«<', .-.<• = 



a ' 



2P! 
.-. QV» = ^^'PV. 

a 

But in the parabola-:- 

QV* = 4SPPV. 

.*. Q lies in a parabola of which the axis is parallel to 
the direction of acceleration, and the distance of P from the 

V 

focus (or directrix) is --. 

To find the focus and directrix, produce YP to M, so 
that PM = —and make the Z.TPS = TPM,and PS = PM. 

Then S is the focus, and a straight line MX, perpen- 
dicular to PM, is the directrix. 

This is the case of a body projected under the action of 
gravity, when the resistance of the atmosphere is left out of 
account. 

107. Impact. — ^A spherical body of mass m moving with 
velocity v overtakes another of mass m' moving with velocity 
v' in the same straight line. By the third law of motion 
the momentum lost by m is equal to that gained by m\ and 
therefore the whole momentum of the two masses is un- 
changed by the impact, or if F" be the common velocity of 
the two masses when their velocities have been equalised 
by impact, — 

(m + m') F = wit; + m"o' 
j^ _ mt; + m*v' 

m + m' ' ' 
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In all natural bodies, unless prevented by coherence or 
artificial appliances, an action between the two bodies is 
called into play by the impact, which causes them to 
separate. 

Newton found by experiment that the relative velocity of 

the two bodies after 

"*^ impact bears a fixed 

■y ratio to their relative 

velocity before im- 

C^^§. G^j^ P*^' ^^' if w be the 
\ly^ ^^ velocity of m, and w 

that of m', after separation, — 

u'-u = e(v- »'), . . . (43) 

where e is always less than unity and is constant for the 
same bodies. It is called the co-effideni of restihUion, 
As before, the whole momentum is unchanged, — 

.-. mu + m%' = (m + m') V = mv + m'v', 
rr mv + mV mu +mV 

or r= ;-= -' 

m + m m '\- m 

It follows that — 

m + m' «i + m' 

mv + m'v' m' , ,\ 

and «; ^ r = v - , (^-^y 

m + m m + m' 

F—u u' —u 



7=«> 



or V-u = e(v-r). . . . (44) 

Similarly, or, by subtracting this equation from equation 
(43), we have — 

tt'- r=e(r-t/). 

In very elastic bodies the value of e may be very nearly 
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equal to unity. If any bodies existed for whicli the co- 
efficient of restitution were unity, these bodies would 
necessarily be perfectly elastic. 

108. Kinetic Energy. — ^A particle of mass m is in motion 
with velocity F, it is required to find its Eanetic Energy, 
or the quantity of work which it is capable of doing in 
virtue of its motion. 

Let us suppose that the body is acted on by a uniform 
force /, in a direction opposite to that of motion, and that 
it is brought to rest after moving a distance iS^ against this 
force. Then the work done is fS. (§ 42). 

Let a be the acceleration caused by/, and let v be the 
velocity, and & the space travelled at any time, then — 



by (12) 


t;2 = ^2 - 2a5. 


But, when 


i; = 0, 5 = 5. 




/. r2 = 2a5. 


or 


olS^\VK 


Also by (U), 


/= ma 




.*. fS = mdS. 


But 


maS = ^V\ 




.•./Sf = JmF2. 



Thus the kinetic energy of a mass m moving with 
velocity Vi& JmF*. 



109. Chief Units employed in Dynamical Measure- 
ments.* — 

A. Simple Units 

Length, — ^The foot. The centimetre. 

Time. — The second. 

Mass. —The pound. The gramme. 

* This pajragraph was kindly sent me by Dr J. G. MacGregor of Clifton 
College. 
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VdocUy. 



Acceleration, 



Force. 



B, Derived Units 

( One foot per second. 

( One centimetre per second. 

{One foot per second, per second. 
One centimetre per second, per second. 

The "poundal,"«.e.,theforce which 
produces in a mass of one pound 
an acceleration of one foot per 
second per second. 

The " dyne," ».«., the force which 
produces in a mass of one 
gramme an acceleration of one 
centimetre per second per 
second. 



Absolute 
Units. 



Gravitation 
Units. 



' Absolute 
Units. 



Work and 
Energy. 



I 



Gravitation ' 
Units. 



A force equal to the weight of 

one pound. 
A force equal to the weight of 

one gramme. 

' The " foot-poundal," i.e., the work 
done bya ''poundal" in moving 
a body through one foot. 
The "erg," ie., the work done 
by a "dyne" in moving a 
body through one centimetre. 

f The " foot-pound," i.e., the work 
necessary to lift one pound 
through one foot vertically. 
The "gramme-centimetre," ie.y, 
the work necessary to lift one 
gramme through one centi- 
metre vertically. 
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Additional Examples and Examination Questions. 

1. Find the resultant of two velocities V and \\ whose direc- 
tions are inclined at an angle 0. 

The resultant of two forces of 5 lbs. and 8 lbs. acting at a 
point is a force of 7 lbs.; at what angle do these forces act? 

2. Three forces, P, Q, R, keep a particle A in equilibrium. 
Prove that — 

P Q R 

sin QAR sin RAP sin P AQ 

Find the ratios of the three forces, when one is half the second 
and at right angles to the third. 

3. Three forces are parallel and proportional to the sides of a 
triangle. Are they necessarily in equilibrium ? If not, find their 
resultant. 

4. Show that the condition X = 0, Y = (§ 100) is the same as 
that the components are proportional and parallel to the sides 
of a polygon taken in order. (§ 14). 

5. Define the Hodograph. 

Prove that, when a body moves with constant acceleration in 
a fixed direction, the hodograph of its motion is a straight line. 

6. Prove that the acceleration of a point's motion is equal to 
the velocity with which the hodograph is traced out. 

7. Prove that when a point moves with uniform velocity its 
hodograph is a point. 

8. Find the hodograph of a point which moves with uniform 
velocity along the thread of a screw. 

9. A point moves uniformly in a circle. Prove that the 

£U^eleration is directed toward the centre and is equal to — • 

T 

10. Calculate the tension of a string 7 feet long, at the end of 
which a mass of 10 lbs. is revolving once in two seconds. 

11. Show that an unresisted projectile describes a parabola. 

12. Spheres of 10 and 20 lbs., moving with velocities 5 and 8 
in the same line, impinge : find the velocities after rebound 

c« - \\ 
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13. Prove that the kinetic energy of a mass m moving with 
velocity v is \m'o^, 

14. Show that the numerical measure of a force depends on 
the square of the unit employed for time. 

15. A particle starts from rest and moves with uniform 
acceleration in the direction of motion. Prove that the space 
described in the m^ second is half the sum of the spaces described 
in the (m + iCp, and (m - n)ft seconds. 

16. Calculate the time required and the velocity acquired by a 
stone sliding 1000 feet down a smooth slope of 1 in 3. 

17. At what rate must a stone be projected horizontally so as 
(if unresisted by the air) just to revolve round the earth % 

18. A particle moving with a horizontal velocity of 87 receives 
in each second a change of velocity of 32 veiidcally downwards. 
Find its velocity after 13 seconds. 

19. Explain what is meant by the term Centrifugal Force. 

A square framework of a yard in the side, rotates once per 
second about one of the sides which is verticaL What must be 
the co-efficient of friction to keep a ring from slipping down the 
opposite side % 

20. Give Newton's third law of motion, pointing out his two 
interpretations of it. 

Apply these two interpretations to find the initial velocity of 
a shot of 1000 lbs. discharged from a 100 ton gun : supposing 
none of the 30,000 foot-tons of energy given out by the explosion 
to be wasted in heat, light or sound. 

21. Two masses of 5 and 10 lbs. respectively, impinge directly, 
moving with velocities of 8 and 10 feet per second. Find the 
common velocity after impact, and show that there has been a 
transformation of kinetic energy. 

22. Prove that a particle within a uniform homogeneous 
spherical shell is attracted equally in all directions.. 

23. A ball moving at a rate of 10 feet per second, impinges on 
an equal ball at rest ; find the subsequent velocity of each, the 
co-efficient of elasticity (restitution) being ^, 

24. Find the horizontal pressure on the rails when a 20 ton 
engine runs at 60 miles per hour on a curve of a mile radius. 

25. Employ the principle of conservation of energy to show 
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that the velocity of the bob of a pendulum at its lowest point is 
equal to the velocity which it would have acquired by falling 
through a distance equal to the difference of the heights of its 
highest and lowest points. 



Anwers to the Additional Examples and 
Examination Questions. 

1. (1) \/f2+ F'2 + 2Frcostf 
(2)cos^ = -i, .-. 9 = 120°. 

2. (1) See § 99. 

(2) As 1 : 2 : V 3. 

3. (1) Yes, if the directions are in the same circular order 
round the triangle. 

(2) Twice the force represented by the side which is taken 
in a different circular order from the other two. 

4. X is equal to the sum of the projections * of all the sides of 
the polygon on the axis of ^, taken with the proper signs. Thus 
if the polygon is closed, the sum of the projections is zero or 
X = 0. Similarly Y = 0. 

If the polygon is not closed, then the remaining side taken in 
the opposite direction is B, and if B make an angle Q with ox^ 
we can prove that R cos ^ = X, E sin ^ = Y. 

.•.R = \/x2-HY2. 

5. §§ 101, 102. 

6. § 104. 



7. Since the velocity is constant, the line OQ remains un- 
changed, or the locus of Q is a point. 

8. A circle. 

9. § 105. 

fn/^ 10 / l4ir \ ^ 

10. Tension = =— - f j = TOir^ = 691 approximately. 

* Let AB be any line in the plane xy» From A draw AM, and from B 
draw BN^ perpendicular to ox, MN \& called the (orthogonal) projection 
of AB on ox, 
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This result is measured in absolute units of force. If we wish 
to express it as a tension equal to the weight of so many pounds, 
we must divide by ^. Ji g = 32% tension = 21^ lbs. approxi- 
mately. 

11. § 106. 

12. F=3f,tt=» V-eiv-V) =3, tt' = 7 + e (F-i/) = 4. 

13. § 108. 

14. A force is proportional to the acceleration it produces. (§32.) 
An acceleration of one (in feet per second) means that in each 

second there is a change of velocity of one foot per second. 

Let a minute be taken as the new unit of time, and consider 
the value of the acceleration just mentioned, a velocity of one 
foot per second is a velocity of 60 feet per minute. Thus in 
each second the change of velocity is 60 feet per minute, and 
therefore in each minute the change is 60 times as great, or (60)^ 
feet per minute per minute. Thus the measure of the accelera- 
tion depends on the square of the unit of time. 

To make the above demonstration general^ the student should 
assume that the new unit of time = x old units, and prove, as 
above, that the new acceleration = ^r* old units of acceleration. 

15. Space described in (w - 1) seconds =Ja^'=Ja (m* - 2m + 1). 

„ „ m „ = n =io3n\ 

„ „ mth second = 4a (2wi - 1). 

Similarly „ „ (m + n)th „ = Ja (2w + 2n - 1). 

„ „ (w-njth „ = ia (2«i - 2n - 1), 

but^ 

ia (2«i + 2n-l) + 4o (2w-2w -l) = ia (4m-2)=2 X Ja (2m- 1). 

16. From § 70 we find that the acceleration in the direction of 
motion is ig. Substituting ^g for g in equations (19) we get — 

, 2« 6000 . ^^^. 

<* = — = , ^^igs-^ 666|5r. 

^9 9 
Extracting the roots we find t and v. 

t^ / — 

17. From § 106,^ = — , ,'.v = ^gr. 

T 

Taking r as about 4000 miles, v = 26,000 feet per second, 
approximately. 
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18. \/872 -h (13 X 32)2 = 425. 

19. (1) See § 28 and § 105 last paragraph. 

(2) Pressure = . • . friction = ^ X = mg. 

T T 

or 32-2 X 3 

r,tL = —= — — = -27 approximatelj. 

20. (1) §§ 40, 44. 

(2) By the first interpretation — 

MV-^mv = 
mv 



. V = - 



By the second interpretation — 

iJfV^ 4- imv* = energy of explosion. 
.-. iMV^ + imv^ = 30,000 X 20 X 112 x^. 
30,000 X 20 X 112 X (7 X Jhr 



«;« = 



1 {Urn + m«) 
.\v = 2060 feet per second, approximately. 

21. (1) V = 9i or 4, according to whether the masses were 
moving in the same or in opposite directions before impact. 

(2) KE. before impact = }x5x8« + jxlOxlO" = 660. 
E.E. after impact = 663^, or 120. 

22. Let P be the particle, and through P draw any line AP 
meeting the sphere in A, and consider the attraction of a small 
triangular element ABC of the sphere. Produce AP, BP, CP 
to meet the sphere again in A', B', C. Then the attractions of 
the triangles ABC, A'B'C on P are equal and opposite. Since 
the arcs AB, BC, &c., are small, we may consider them to be 
straight lines. Then, by similar triangles, AB : AP = A'B' : A'P 
and so on. 

In this way we prove the triangles ABC, A'B'C to be similar 
and therefore in the duplicate ratio of AB to A'B' that is of 
AP to AT. 

ABC A'B'C 
.-. ABC : A'B'C = AP« : A'P«, or -j^^ =-^;^ ." 
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But the triaogle ABC attracts P with a force proportional to 

ABC A'B'C 

— -— T-, and A'B'C attracts P with a force proportional to — t-tit— , 

AP" A P* 

or the two triangles attract P equally in opposite directions. 

In the same way the whole sphere may be divided into small 

triangles, which attract P equally in opposite directions. Thus 

all the attractions neutralise each other. 

two + fnV 
23. F = ; — --. But m' = wi, r = 10, «/ = 0, .-. r= 5. 



,\u= F-e(«?-F) = 
.-. by (44) 2*' = F+ « (F-t/) = 7i. 

^^ mifl 20X20X112^ / 50 x5280 V . , ,. 

24. = X f ) =:45629U absolute 

r 5280 \ 60x60 / ^ 

imits of force = 1417 lbs. approximately. 

25. The kinetic energy is ^fn/v'y and this must be equal to the 
product of the weight and the distance through which it has 
fallen measured vertically. Let this distance be h, then — 

imtr^ = mghf 
.*. «;*= 2^^ 
But this last equation is the same as the third of equations 
(10), which gives the velocity in terms of the distance fallen. 
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Air, Weighing in, 85. 

Air-pump, 93. 
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Angle of repose, 74. 

Attraction, 84^ 44. 

Average velocity, 7. 

Balance, 61 ; false, 62. 

Barometer, 91. 

Body, Velocity of a, 9 ; Falling, 36 ; 

thrown ui>, 37 ; Ri^fid, 47, 48 ; 

immersed in a fluid, 54 ; Floating, 

89. 
Boyle's law, 90. 
Bramah's press, 97. 

Centre, of inertia, 52; of mass, 62; 
of giavilnr, 52, 53. 

Centrifugal force, 28. 

Change of velocity, 20. 

Chemical attraction, 44. 

Circle, Centre of gravity of a, 53. 
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98-100. 

Condenser, 94. 

Conservation of energy, 44. 
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Direction of motion, 3. 
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particle, 45, 99 ; of a rigid body, 
48 ; of a body resting on a sur* 
face, 55 ; Stable, unstable, and 
neutral, 56 ; on an inclined plane, 
70, 71 ; of a floating body, 89. 

Erg, 109. 

Experimental, verification of the., 
parallelogram and triangle of 
forces, w; method of finding 
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Falling bodies, 36. 

Floating bodies, 89. 

Fluids, 75 ; Friction of, 75 ; Pressure 

of, 75, 78, 79 ; Classification of, 

76; Specific gravity of , 88. 
Foot-pound, 42, 109. 
Foot-poundal, 109. 
Force, 1, 2, 25; Measurement of, 

32 ; of gravity, 34 ; Moment of a, 
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98; Resultant of parallel, 49, 50. 
Friction, 72 ; in fluids, 75. 

Gases, 76. 

(Geometry, 1. 

Gravitation, Law of, 34. 

Gravity, 34^ 44 ; Centre of, 52, 53, 54. 

Heat, 44. 

Heavy liquids, 81. 

Hodograph, 101, 102, 103, 104. 
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Hydrostatics, % 75-97. 

Impact, 107. 

Inclined plane, 69; Equilibrium 

on an, 70, 7L 
Inertia, 27 ; Centre of, 52. 

Kinetic energy, 43, 108. 
Kinetics, % 24-44. 
Kinematics, 1, 2, 3-23. 

Laws of Motion, 26, 31, 40. 

Lever, 59, 60. 

Lifting pump, 95. 

Light, A 

Liquids, 76 ; Surface of, 82. 

Machines, 58-74. 

Magnetic attraction, 44. 

Mariotte, 90. 

Mass, 30 ; and Weight, 35 ; Mea- 
surement of, 33 ; Centre of, 52. 

Matter, 1 ; Quantity of, 30. 

Measurement, of velocities, 4, 6 ; of 
acceleration, 21, 103 ; of time, 29 ; 
of force, 32; of mass, 33; of 
work, 42 ; Units of, 109. 

Moment of a force, 57. 

Momenttmi, 30. 

Motion, 1, 2, 3, 4 ; Laws of, 26, 31, 
40; Machines in, 74; Uniform 
circular, 105 ; Parabolic, 106. 

Natural Philosophy, 1. 
Neutral equilibrium, 56. 
Newton, 24. 

Parabolic path of a projectile, 88, 

106. 
Parallel forces, 49, 50. 
Parallelogram, of velocities, 12 ; of 

forces, 39; Centre of gravity of, 53. 
Physics, 1. 

Plane, Inclined, 69-71. 
Polygon of velocities, 14. 
Potential energy, 43. 
Poundal, 109. 
Pressure, 40; of fluids, 75, 78, 79; 

on sides and base of a vessel, 83. 
Principia, 24. 

Projectile, Path of a, 3, 38, 106. 
Pulleys, 65-68. 



I Pump, Air, 93 ; Common, 95 ; Force, 
' 96. 

Quantity, of matter, 30. 

Reaction, 40, 55, 69. 

Recoil, 41. 

Repose, Angle of, 74. 

Resolution of velocities, 18, 19. 

Resultant, of two velocities, 11, 15, 
16, 17 ; of several velocities, 14 ; 
of forces, 39, 49, 51 ; of any com- 
ponents, 98, 100. 

Rigid body, 47, 48. 

Sound, 44. 

Space, 1. 

Specific gravity, 86-88. 

Sphere, Centre of gravity of a, 53. 

Sprengel's air-pump, 93. 

Stable equilibrium, 56. 

Statics, 2, 45-57. 

Steelyard, 63. 

Straight line. Representation of 

velocity by a, 8 ; Representation 

of force by a, 25; Centre of 

gravity of a, 53. 
Suction pump, 95. 
Surface of heavy liquids, 82. 
Syphon, 92. 
System of bodies, Centre of gravity 

of a, 53. 
Systems of pulleys, 66-68. 

Tangent, 3. 
Time, 1, 29, 

Triangle of velocities, 13 ; of forces, 
46 ; Centre of gravity of a, 53. 

Units of measurement, 109. 
Unstable equilibrium, 56. 

Velocity, 4-20; Uniform, 4, 6; 
Variable, 6, 19 ; Average, 7 ; 
Composition of, 11-17; Parallelo- 
gram of, 12; Triangle of, 13; 
Polygon of, 14; Resolution of, 
18 ; Change of, 20. 

Weighing in air and water, 85, 87. 
Weight, 85. 
Wheel and axle, 64. 
Work, 42, 74. 
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